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Abstract 

We construct interacting quantum fields in 1+1 dimensional Minkowski space, represent- 
ing neutral scalar bosons at positive temperature. Our work is based on prior work by Klein 
and Landau and H0egh-Krohn. 
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1 Introduction 

Constructive thermal field theory allows one to circumvent (at least in 1+1 space-time di- 
mensions) the severe infrared problems (see e.g. [St]) of thermal perturbation theory. A class 
of models representing scalar neutral bosons with polynomial interactions was constructed by 
H0egh-Krohn [H-K] more than twenty years ago. Shortly afterwards, several related results 
on the construction of self-interacting thermal fields were announced by Frohlich [Fr2] . 

Our first paper was devoted to the construction of neutral and charged thermal fields with 
spatially cutojff interactions in 1-|-1 space-time dimensions, using the notion of stochastically 
positive KMS systems due to Klein and Landau [KLl]. 

The construction of interacting thermal quantum fields without cutoffs presented here 
includes several of the original ideas of H0egh-Krohn [H-K], but instead of starting from 
the interacting system in a box we start from the Araki- Woods representation for the free 
thermal system in infinite volume. This 'algebraic' approach eliminates some cumbersome 
limiting procedures present in Hoegh-Krohn's work due to the introduction of boxes. We 
provide complete proofs for a number of statements which where only touched upon in 
H0egh-Krohn's work. The list of 'new' contributions contains the Wick (re-)ordering with 
respect to different covariance functions, the existence of interacting sharp-time fields, the 
identification of local algebras, the existence and uniqueness of the solution of H0egh-Krohn's 
time dependent heat-equation, local normality of the interacting KMS state, uniqueness of 
the weak* accumulation point of the sequence of approximating KMS states, and a number 
of inequalities that enter into a rigorous construction at several points. Although some of our 
results were probably already known by the experts (most of our work is based on results by 
Glimm and Jaffe, H0egh-Krohn, Frohlich, Klein and Landau, and Simon) more than twenty 
years ago, we feel that it is worth while to present the arguments in full detail. 

We will provide a detailed description of the content of this paper in the next subsection. 
But before we do so, we give a rough outline of the main ideas. 

Let t) and e denote the one-partic;le Hilbcrt space and the one-particle energy for a single 
neutral scalar boson. On the Weyl algebra W(i)) we define a quasi-free (t°, /3)-KMS state 
for the time evolution {T^}tem. by 

uj}{W{h)) e-i('''(i+2rf''), T°{W{h)) = W{e'''h), /i G I), t € M, 

where p := (e'^'^ - l)-\ /3 > 0. 
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A convenient realization of the GNS representation associated to the pair (>V(()),w^) is 
the Araki- Woods representation defined by: 



TTAw{W{h)) = W^„{h) ■.= WF{il+p)ih®p^h), hGi). 



Here f) is the conjugate Hilbert space to [), Wf{-) denotes the Fock Wcyl operator on r(() ffi ()) 
and G r(()©[)) is the Fock vacuum. The von Neumann algebra generated by {7r^»-(T'V'(/;.)) | 
h G t)} is denoted by TZaw The local von Neumann algebra generated by {TrAwiWQi)) \ h € 
f)/} is denoted by TZaw{I)- Here / C M is an open and bounded interval and []/ will be 
defined in (6.4). 

Since is T°-invariant, there exists a standard implementation (see [DJP]) of the time 
evolution in the representation ■nAw- 

6'^'^'^*7r^H'(^)^^Aw •= T^Aw{Tf {A)^VIaw and Law^aw = 0. 

The generator L^w of the free time evolution is called the (free) Liouvillean. 
Euclidean techniques were used in our first paper to define the operator sum 

Hi := Law+ j ^ ■.P{(l>{Q,x)):co 

and to show that Hi is essentially selfadjoint. 

Using Trotter's product formula as in [GJ2], a finite propagation speed argument shows 
that 

tI{A) = c'"''Ac-'"'* 

is independent of Z for f e IR and A e TZaw {1} fixed, if / is bounded and I is sufficiently 
large. Thus there exists a limiting dynamics r such that 

(1.1) lun\\rl{A)-n{A)\\=0 

for all A e TZaw {I), I bounded. This norm convergence extends to the norm closure 

(*) 

^ := U TZaw{I) 

ICTR 

of the local von Neum,a,nn algebras. The C* -algebra A is called the algebra of local observables. 
It follows from general results of [KLl] that the vector G Haw, 

e--§^'0 

\\e-^"'nAw\\ 

induces a (r',/3)-KMS state uji for the W^*-dynamical system {A,t^). Equation (1.2) should 
be compared with similar expressions which are well-known (see e.g. [BR, Theorem 5.4.4]) 
for bounded perturbations and which have recently been derived for a class of unbounded 
perturbations in [DJP, Theorem 5.6]. 

The existence of weak limit points (which are states) of the net {a;;}(>o is a consequence 
of the Banach-Alaoglu theorem (see [BR, Theorem 2.3.15]). 

That fact that all limit states satisfy the KMS condition w.r.t. the pair {A,t) follows 
from (1.1), which itself is a consequence of finite propagation speed. 
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Since A is the norm closure of the weakly closed local algebras, all limit points are locally 
normal KMS states w.r.t. the Araki- Woods representation [TW]. 

To prove that there is only one accumulation point is more delicate. Following H0cgh- 
Krohn [H-K] we will use Nelson symmetry to relate the interacting vacuum theory on the 
circle to the interacting thermal model on the real line. 



1.1 Content of this paper 

In Section 2 we recall the notions of stochastically positive KMS systems and associated 
generalized path spaces, due to Klein and Landau [KLl]. The property corresponding to 
stochastic positivity in the 0-temperature case is called Nelson- Symanzik positivity. 

In Subsection 2.1 we recall the characterization of the thermal equilibrium states of 
a dynamical system (B, t) by the KMS condition and the definition of Euclidean Green's 
functions. The notion of a stochastically positive KMS systems {B,U,t,u>) rests on the 
introduction of a distinguished abelian sub-algebra U of the observable algebra B. In our 
case this algebra will be the algebra generated by the time-zero fields. 

In Subsection 2.2 we recall the notion of a generalized path space {Q, S, Eq, U (t), R, ji). It 
consists of a probability space (Q,S,/x), a distinguished sub cr-algebra Sq, a one-parameter 
group t U{t) of automorphisms of L°°{Q, E, /i) such that E = Vtem U{t)T,o and a reflec- 
tion R, acting as an automorphism on L°°{Q, E, /x) such that R^ = 1, RU{t) = U{~t)R. 

Klein and Landau (see [KLl]) have shown that for /3 > there is a one to one corre- 
spondence between stochastically positive /3-KMS systems and /3-periodic OS-positive path 
spaces (for (3 = oo the object associated to an OS-positive path space is called a positive 
semigroup structure, see [K]). The role of OS-positivity is to ensure the positivity of the 
inner product in the Hilbert space Ti. on which the real time quantum fields act. 

The reconstruction theorem provides a concrete realization of the GNS triple {HujTTui, ^u) 
associated to the pair (B, w). The Liouvillean L implements the time evolution in the GNS 
representation tt^ . 

In Subsection 2.3 we recall some results from [KLl] (with some improvements in [GeJ]) 
concerning perturbations of generalized path spaces obtained from Feynman-Kac-Nelson 

kernels. The main examples of FKN kernels are those obtained from a selfadjoint operator V 
on the physical Hilbert space Tiu, which is affiliated toU = L°°{K, v^). If e~f^'^ G L^{K, p^) 
and 

VeLP{K,u^), e-^"" &L\K,y^) for p-^+q-^ = ^, 2<p,q<oo, 

then the operator sum L -|- ^ is essentially selfadjoint on ^{L) n ^{V) and the perturbed 
time-evolution ry on B is given by 



rv,t{B) = e'*^+^Be-'*^+^. 
The KMS state coy for the pair {B, ry) is the vector state induced by 



e 2 



e 2 



The Liouvillean Ly for the perturbed /3-KMS system (/By , Ty, cij\/) equals L + V — JVJ. 
(J denotes the modular conjugation associated to the pair {B,Claj)). It satisfies 

e'^^^'Any = Ty^t{^)ny and Ly^y = 0. 
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In Section 3 we recall some standard facts about Gaussian measures on distribution spaces 
and fix some notation. Gaussian measures are reviewed in Subsection 3.2. Sharp-time free 
fields arc introduced in Subsection 3.3. If the space dimension is 1, then it is possible to 
define similarly sharp-space free fields. This is done in Subsection 3.4. 

In Section 4 we recall two well known path spaces supported by (<S^(S'/3 x ]R),d^c), 
where Sfs is the circle of length (3. In Subsection 4.1 we identify the generalized path space 
on {S^{S/s X IR),d(/)c') corresponding to the free massive scalar field on the circle Sj^ at 
temperature 0. 

In Subsection 4.2 we identify the generalized path space on {S^{Sf3 x IR),d0c') corre- 
sponding to the free massive scalar field on the real line IR at temperature (3~^ . The physical 
Hilbcrt space associated to this path space can be unitarily identified with the Fock space 
r([) ® [)). The KMS vector n AW is identified with the Fock vacuum vector 17 in r(f) © f)). The 
dynamics t° can be unitarily implemented in ttaw- The (free) Liouvillean Law is identified 
with dr(e© -e). 

In Section 5 we describe perturbations of the two path spaces defined in Subsects. 4.1 
and 4.2. The perturbed path spaces are obtained from FKN kernels corresponding to P{<p)2 
interactions. 

In Subsection 5.1 we recall some well known facts concerning the Wick ordering of Gaus- 
sian random variables. In 1+1 space-time dimensions Wick ordering is sufficient to eliminate 
the UV divergences of polynomial interactions. As it turns out, the leading order in the UV 
divergences is independent of the temperature. Thus it is a matter of convenience whether 
one uses the thermal covariance function Cq or the vacuum covariance function Cvac to define 
the Wick ordering. 

In Subsection 5.2 the P{(j))2 model on the circle Sp at temperature is discussed. It is 

specified by the formal interaction 

Vc= I :P{^{t,0)):c, dt. 

Here P(A) is a real valued polynomial, which is bounded from below. The time-evolution 

X i-> e*^^"° is generated by H^'^^ := Hq- Eq. where Ec := inf(cr(ifc)) and 

Hc = dT{{D'i+m?)^)+Vc. 

The operator Hq is bounded from below and has a unique vacuum state 0Jc{ ■ ) — {^c, ■ ^c) 
such that (f2c,f^) > and H^'^^lc = 0. The renormalized energy operator H^'^ is called 
the P{(j))2 Hamiltonian on the circle 8/3. 

Some bounds are provided in Proposition 5.4, which are used in the sequel to prove the 
existence of interacting sharp-time fields. 

The spatially cutoff P{(j))2 model on the real line H at temperature (3~^ is discussed in 
Subsection 5.3. It is specified by the formal interaction 

Vi = j' ^■.P{4>{Q,x)):c,dx. 

Here P{\) is once again a real valued polynomial, which is bounded from below, and I G M"'' 
is a spatial cutoff parameter. The perturbed KMS state uii turns out to be normal w.r.t. the 
Araki- Woods representation -Kaw In fact, it is the vector state induced by 

Q e 2 ii-Aw 

where Hi is the selfadjoint operator Hi := Law + Vi- The perturbed time-evolution on B is 
given by 
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The following consequence of Lemma 5.3 will be important in Section 7: 

The analog of (1.3) in the zero temperature case is called Nelson symmetry (sec e.g. [Si]). 
The thermodynamic limit is discussed in Section 6. We prove that the limits 

lim tI{A) =: Tt{A) and lim u>i{A) =: aj/3{A) 

I — ^+oo / — ^+oo 

exist for A in the C*-algebra of local observables A and that {A, t, cofj) is a /3-KMS system, 
describing the translation invariant P{(j))2 model at temperature (3~^. 

In Subsection 6.1 we recall localization properties of the classical solutions of the Klein- 
Gordon equation. 

In Subsection 6.2 we introduce the net of local algebras I — > TZaw{I) for the free thermal 
field: for a bounded open interval / C K, the symbol TZaw{I) denotes the von Neumann 
algebra generated by {WAw{h) \ h S ()/}. By a result of Araki [Arl], the local von Neumann 
algebras for the free thermal scalar field are regular from the inside and from the outside: 

fl n^AJ) = T^Aw{I) = V ^Aw(J). 
jd7 jc/ 

Moreover, if I is bounded, then the local algebra TZaw{I) is *-isomorphic to the unique 
hyper-finite factor of type IIIi . 

In Subsection 6.3 the existence of the limiting dynamics is discussed. For f e IR fixed, 
the norm limit 

IhnrliB) =:n{B) 

exists for all B in 

(*) 

U n^wii) , 

where the J's are open and bounded. Finite propagation speed is used to show that Tj:{B), 
for B € TlAwil) and \t\ < T, is independent of I ioi I > \I\ + T. The proof uses Trotter's 
product formula, which requires that Law + ^ is essentially self-adjoint on T>[Law) ^ ^(^)- 
In order to apply the results of Section 7 to the C*-algebra A, it is necessary to identify 
the local von Neumann algebra TIaw {I) with the von Neumann algebra obtained by applying 
the interacting dynamics r to the local abelian algebra of time-zero fields. This is done in 
Subsection 6.4: for / C IR a bounded open interval, we denote by IAaw{I) the abelian von 
Neumann algebra generated by {WAw{h) \h & h real valued}. We denote by Ba{I) the 
von Neumann algebra generated by 

{Tt{A)\A€UA„{I), \t\<a]. 

We set B{I) := nc>o and show that B{I) = UAwil)- 

Taking the existence of the interacting path space (which we will construct in Section 7) 
for granted, we show that the net {cij;};>o has a unique accumulation point. This is done 
in Subsection 6.5, using the identification of algebras established in the previous subsection. 
Thus 

w — lim uii =: ojg exists on A. 

The state uijs is a (r, /3)-KMS state on A. It follows from a result of Takesaki and Win- 
nink [TW] that o;^ is locally normal, i.e., if / is an open and bounded interval, then i-^p\tzaw(i) 
is normal w.r.t. the Araki- Woods representation; thus ijJi3\-r,aw(i) ^^^'^ normal with respect 
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to the Fock representation. Moreover, ujfj is invariant under spatial translations and satisfies 
the space- clustering property. 

lim tJ3{Aax{B)) = cO(3{A)oJi3{B), A,B € A. 

Finally, the main results of this paper, namely the explicit construction of the translation 
invariant P{4>)2 model at positive temperature is given in Section 7. Following ideas of 
H0egh-Krohn [H-K] , Nelson symmetry is used to establish the existence of the model in the 
thermodynamic limit. 

The first step is to construct the interacting path space supported by S!^{Si) x H) de- 
scribing the translation invariant P{4>)2 model at temperature . 

Following H0egh-Krohn [H-K] we consider the operator W^[-oo,oo] (/) solving the time- 
dependent heat equation 

^W[a,5](,/) = W-[a,6](,/)(-i^r +!</-(/(,)), a < 6, 

where := /(•, b) G 5^(5^) for / e Str.{Si3 x IR). We show that for / e Co°<5r(5;3 x M) 

lim / eW)dw = (fie, l^[-oo,oo](/)i^c) 

(— >-|-oo J 

exists and that the map 

Sm{S[3 X H) ^ 1R+ 

/ ^ (f^C,W[-oo,oo](/)f^c) 

is the generating functional of a Borel probability measure /x on The measure /z is 

invariant under space translations, time translations and timc-rcflcction. 

In Subsection 7.2 we prove the existence of interacting sharp-time fields. (Note that the 
necessary bounds (5.9) depend on the dimension of space-time.) This result allows us to 
equip the probability space {Q,T,,^) with an OS-positive l3 -periodic path space structure: 

- U{t) is the group of transformations generated by the time translations %s induced 

on Q by the map (t, x) ^ {t + s, x); 

- R is the transformation generated by the (euclidean) time reflection at i = 0; 

- So is the sub— (T-algebra of E generated by the functions {4>{0, h) \ h G iS]r(1R.)}- 

In Subsection 7.3 some properties of the associated interacting (3-KMS system {B,U, f, w) 
are discussed. We prove the convergence of sharp-time Schwinger functions and show that 

for all a; G IR and 

lmi^u>{W^^ih)a,iW^^{g))) = Co{W^wih)p{W^w{9)) 

for h,geC^^{Ii). 

In Appendix A we discuss the abstract time-dependent heat equation 

n 4^ / Tt^it, s)^-{H + m{t))u{t, s), s < t, 

^ ^ ^ \ U{s,s) = l. 

Here _ff > is a sclfadjoint operator on a Hilbcrt space Ti. and R{t), f G H, is a family of 
closed operators with T>{H^) C V{R{t)) for some < 7 < 1. We show that there exists a 
unique solution U {t, s) such that U {s, s) = 1 and 

U{t, r)U{r, s) = U{t, s) for s < r < t. 
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In Subsection A. 2 we consider the dissipative case when R{t) is selfadjoint for t G M. 
We establish an approximation of U {t, s) by time-ordered products and prove some bounds 
on U{t,s), which arc used in the main text to show the existence of interacting sharp-time 
fields and the convergence of sharp-time Schwinger functions. 

Finally we establish a lemma which is used in the main text to prove spatial clustering 
for the translation invariant P{(p)2 model at temperature f3~^. 

Acknovirledgments. The authors would like to thank Jan Derezinski for useful discussions. 
C. Jakel wants to thank Hanno Gottschalk for discussing H0egh-Krohn's original paper. 
The second author was supported under the FP5 TMR program of the European Union by 
the Marie Curie fellowship HPMF-CT-2000-00881 and is currently supported by the IQN 
network of the DAAD. Both authors benefited from the IHP network HPRN-CT-2002-00277 
of the European Union. 

2 Stochastically positive KMS systems and generalized 
path spaces 

In this section we briefly recall the notions of stochastically positive KMS systems and as- 
sociated generalized path spaces, due to Klein and Landau [KLl]. We will also need the 
corresponding notions at 0-temperature, which can be found in [K]. 

2.1 Stochastically positive KMS systems 

Let S be a C*-algebra and let {rjjfgiR be a one parameter group of ^-automorphisms of B. 
We recall that a state w on S is a {t, P)-KMS state or (S, r, w) is a (5— KMS system, if for 
each pair A,B & B there exists a function Fa,b{z) holomorphic in the strip = {2 e C | 

< Imz < /?} and continuous on 1^ such that 

FAAt)=^{ATt{B)) and ^^^^^(t + i/3) = w(Tt(B)A) Vi e K. 
For Ai € B and ti 1 < i < n, the Green's functions are defined as follows: 

n 

G{ti,...,tn;Ai,...,A„) ■.= Lv{Y[Tt,{Ai)). 

i=l 

It is well known (see [Ar2, Ar3]) that the Green's functions are holomorphic in 
7^+ := {{zi, . . . , G C" I Im^i < Im^i+i, Im2;„ - Imzi < f3}, 

continuous on and bounded there by Hi ll^ill- Therefore one can define the Euclidean 
Green's functions: 

^G{si, ...,s„;Ai,.. .,An) := G(isi, . . . ,is„;^i, . . . , A„) for si < • • • < s„, s„ - Si < /3. 

The following class of /3-KMS systems has been introduced by Klein and Landau [KLl]. 

Definition 2.1 Let {B,t,uj) be a [3-KMS system and letU <zB he an abelian * -sub-algebra. 

The KMS system {B,IA,t,uj) is stochastically positive if 

(i) the C* -algebra generated by UteiR'''t(^) ^'^ equal to B; 

(ii) the Euclidean Green's functions ^G{si, . . . , s„; Ai, • • • , An) are positive for all 
Ai,...,An inU+ = {AeU\A>0}. 
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In applications it is more convenient to use a version of stochastic positivity, which is adapted 
to von Neumann algebras. 

Definition 2.2 Let B C B{H) be a von Neumann algebra and let U C B(W) be a weakly 
closed abelian sub-algebra of B. Assume that the dynamics t: B ^ B is given by 

Tt{B) := e^*^Be-'*^, B&B, 

where L is a selfadjoint operator on TL. Moreover, assume that uj is a (3-KMS state for the 
W* -dynamical system {B,t). Then the KMS system {B,U,t,co) is stochastically positive if 

(i) the von Neum,ann algebra generated by Ute]R'''t(^) '■^ egwaZ to B; 

(ii) the Euclidean Green's functions ^G{si, . . . , s„; Ai, • • • , A^) are positive for all 
Ai,...,Ar, inU+ = {AgU \ A>0}. 

2.2 Generalized path spaces 

Stochastically positive /3-KMS systems can be associated to generalized path spaces (see 
[KLl], [K]). Let us first recall some terminology. 

If Si, for i in an index set J, is a family of subsets of a set Q, then we denote by Vie/ 
the cr-algebra generated by the sets IJ -^ j where J runs over all countable subsets of I. 

Definition 2.3 A generalized path space (Q, S, Eq, J7(t), i?, yit) consists of 

(i) a probability space {Q,Y,,^); 

(ii) a distinguished sub a-algebra Eg C E; 

(iii) a one-parameter group IR 9 t U{t) of measure preserving automorphisms of 
L°^{Q,Yi, fi), strongly continuous in measure, such that E = V^^jj^ C/(t)Eo; 

(iv) a measure preserving automorphism R of L°°{Q,T,, fi) such that = 11, 
RU{t) = U{—t)R and REq = EqR, where Eq is the conditional expectation 
with respect to Eq. 

A path space (Q, E, Eq, U{t). R, /i) is said to be supported by the probability space (Q, E, /i). 

It follows from (iii) and (iv) that U{t) extends to a strongly continuous group of isometrics 
of LP{Q, S, n) and R extends to an isometry of LP{Q, E, /i) for 1 < p < oo. 

We say that the path space (Q, E, Eq, [/(t), -R, /i) is ^-periodic for (3 > ii U {(3) = 1. On 
a /3-periodic path space one can consider the one-parameter group U{t) as being indexed by 
the circle = [-/3/2, /3/2]. 

For / c m, we denote by Ej the conditional expectation with respect to the cr-algebra 
E/ := Vte/ ^t- 

Definition 2.4 (0-temperature case): A generalized path space {Q, E, Eg, U{t), R, ji) is OS- 
positive, if-Ep^+oof-R-^p.-i-cx)! >Q as an operator on L'^{Q,T,, n). 

(Positive temperature case): A (3-periodic path space {Q, S, Sq, U (t), R, ji) is OS-positive, 

^f E[^.,p/2\RE[a,[j/2] > as an operator on L'^{Q,Y,,y). 

For simplicity of notation we will consider /3 as a parameter in ]0, +oo], the case /3 = -|-oo 
corresponding to the 0-temperature case. 

It is shown in [KLl] that for /3 > there is a one to one correspondence between stochas- 
tically positive /3-KMS systems and /3-periodic OS-positive path spaces. For (3 = oo the 
object associated to an OS-positive path space is called a positive semigroup structure (see 
[K]). 

Let us describe in more details one part of this correspondence, which is an example of a 
reconstruction theorem. Let (Q, E,So,J7(t),i?, /u) be an OS-positive path space, /3-periodic 
if /3 < 00. We set 

^OS := -^^^(Q^S[o,/3/2],/^)• 
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Let M C Hos be the kernel of the positive quadratic form 

{ip,ip) := / ipRtpd/j,. 
JQ 

Then the physical Hilbert space is 

H := completion of Hos/-^, 

where the completion is clone with respect to the positive definite scalar product (., .). Let 
us denote by V the canonical map V:7ios ^OsZ-A/". Then in TC there is the distinguished 
unit vector 

Q:= VI, 

where 1 G Hos is the constant function equal to 1 on Q. 
For A € L°°{Q, So, n) one defines A e B{n) by 

(2.1) AVip := VAip. 

(Note that multiplication by A preserves Af, since A is by assumption Sq measurable). One 
denotes hy U C B{TL) the abehan von Neumann algebra W := {A \ A & L°°((5, Eo,/x)}. It 
is shown in [KLl, K] that the map A ^ A \s & weakly continuous *-isomorphism between 

L°°(Q,Eo,/i) iinAU. 

Finally, setting Mt = L'^{Q, S[o,/3/2-t], m) for < t < /3/2 and Vt = VMt, one can define 
P(s): ^ W for < s < i by 

P{s)Vip := V[/(s)V, ip e Mf 

The triple {P(t), Vt, /?/2) forms a local symmetric semigroup (see [Frl, KL3]), and there exists 
a unique selfadjoint operator L onH such that P{s)u = e~''^u for u GVt and < s <t. The 
selfadjoint operator constructed in this way is said to be associated to the local symmetric 
semigroup (P(t), Dt, /3/2). 
Next one defines: 

-Be B{H) as the von Neumann algebra generated by {e'*^Ae~'*^ 1 1 e H, ^ G W}; 

- r: 1 1— > Tt as the weakly continuous group of *-automorphisms of B, which is given by 

Tt{B) = e"^Be-"^ 

for t e IR and B <E B: 

- a; as the vector state on B given by uj{B) = (il, Bfl) for B <E B. 

It is shown in [KLl] that {B,U,t,lj) is a stochastically positive /3-KMS system. The rela- 
tionship between the two objects is fixed by the following identity: 

(2.2) ^G(si, . . . , s„; ii, . . . , i„) = / (TT U{si)Ai)df, 
for Ai G L°°{Q, So, l^), 1 < i < n, and si < • • • < s„, s„ — si < /3. 

2.3 Perturbations of generalized path spaces 

We now describe perturbations of generalized path spaces obtained from a Feynman-Kac- 
Nelson kernel. Unless stated otherwise, we will consider the case (3 < oo. 
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Let (Q, S, So, U {t),R, ijl) be an OS-positive /^-periodic path space. Let F be a selfadjoint 
operator on which is afBUated to U. Using the isomorphism between lA and L°°{Q, Eq, /x) 
we can view as a real So-mcasurablc function on Q, which wc still denote by V. 

Assume that V G Eq,/^) and exp(-/3F) G ^^(Q, Eq, /x). Then (see [KLl] or [GeJ, 

Proposition 6.2]) the function F := exp(— /^^/2 U{t)Vdt) belongs to L^{Q, E,/i). One can 
hence define the perturbed measure d^v '■= (Jq -f'd/z)~^-Fd/z. The perturbed path space 
(Q, E, Eo, U{t), R, /iy) is OS-positive and /3-pcriodic (sec [KLl]). Hence we can associate to 
this perturbed path space a stochastically positive /3-KMS system {Bv,I^VjTv,ojv)- 

The following concrete realization of the perturbed /3-KMS system {Bv,1^v,tv,cov) has 
been obtained in [KLl] (with some improvements in [GeJ]): 

- the physical Hilbert space Hv obtained from the reconstruction theorem outlined in 
the previous subsection is equal to the physical Hilbert space H of the unperturbed 
/3-KMS system {B,U,t,lo); 

- the von Neumann algebra By and the abelian algebra Uv are equal to B and U, re- 
spectively; 



the operator sum L + V is essentially selfadjoint on 2?(L) fl V^V) and if Hy := L + V, 
then the perturbed time-evolution ry on B is given by 

Tv,t{B) = e'*^^Be-'*^^, B G B; 



the distinguished vector 57 of the unperturbed KMS system belongs to 2?(e 2^^) and 
the perturbed KMS state uiy is given by u)v{B) = {fly, BSly), where 



The following result is shown in [GeJ, Theorem 6.12]: If e G L^{Q,T,o, jj.) and 



1 



FgLP(Q,Eo,m), e- = ^ GL«(0,Eo,/x) for p-'+q-' = -, 2<p,q< 



2' 



00, 



then the operator sum Hy — JVJ is essentially selfadjoint and the Liouvillean Ly (for a gen- 
eral definition of Liouvilleans see, e.g., [DJP]) for the perturbed /3-KMS system {By,Ty, ojy) 
is equal to Hy — JVJ. Here J denotes the modular conjugation associated to the pair {B, fi). 



2.4 Perturbed dynamics associated to FKN kernels 



Let us describe in more details the construction of Hy — L + V given in [KLl] which is 
based on the Feynman-Kac-Nelson formula. Note that the results of this subsection are also 
valid in the 0-temperature case /3 = -|-oo. Let F be a real Eo-measurable function such that 
V G L^{Q, Eo, 11) and e""^^ G L^{Q, Eo, /u) for some T > if /3 = 00 and for T = /3 if /3 < 00. 
Set 

Fio,s] := e" ^0 < s < inf (T, /3)/2, 

which belongs to i^(Q, E[o,inf(T,/3)/2l, m)- The family {i^[o,s]}o<s<inf (t,/3)/2 is called a Feyn- 
man-Kac-Nelson kernel. 

For < t < inf (T, /3)/2 we set 

A^t := linear span of (J Fio,s]L°°{Q,'^[o,in{{T,l3)/2-t], IJ) 

0<s<inf(T,/3)/2-t 

and 
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Setting finally 

(2.3) Vt = V{Mt), 

one can show that 

Pv{s): Vt ^ H 

V(V) ^ V(F[o,.]C/(s)V) 

is a well defined linear operator, and that [Pv{t),Vt,mf{T, p)/2j is a local symmetric semi- 
group on Tt. Now let Hv be the unique sclfadjoint operator associated to the local symmetric 
semigroup {Dt, Pvit),inf{T, l3)/2). It follows (see [KLl]) that Hy = L + V. 
In the sequel we will need the following result. 

Proposition 2.5 Let V G i^((3,So,/u) be a real function such that e~^^ € L^((3,Eo,/i) 

for some T > and Vn := l^ll{|y|<„} for n G IN. Denote by L the selfadjoint operator 
on Ti, associated to the OS-positive path space {Q,Tt,T,Q,U{t), R, n). Let Hn be the closure 
ofL + V-Vn. Then 

e-'*^ = s- lim e""^", i G H. 

n— ^oo 

Note that the sclfadjoint operators Hn arc associated to local symmetric semigroups 
(P„(i),I>^"\T/2) obtained from the FKN kernels 

Tj,{n) - r U{t)(V-V„)dt 

^[0 j] := e Jo ^ 



and the operator L is associated to the local symmetric semigroup [Poc{t),'Dt,T/2^ obtained 
from the FKN kernels f!}^} 

[0,s] 

Proof. We first claim that 

II J7 

[0,.] 



from the FKN kernels F,lf°? = 1. 

[0,s] 

(2.4) sup -0 forn^oo. 

0<s<T/2 ' ' 

In order to prove (2.4), we recall the following bound from [KL4, Theorem 6.2 (i)]: 

(2.5) ||e--/'>^*^'''*|U.(Q,s.M) <l|e-(''-''^^||L.(Q,s,^), 1 < P < oo. 

Now let W be a real measurable function on Q. Using 1 — e"" = a e~^°'d9 we find 

l_e-/;^W^<^*= ruit)Wdt /'e-^r^«^^*de. 
Jo Jo 

This yields 

||l_e-/;^W^<^*||^. < |s|||I^|U./;||e-^/;^«^<^*|U.d^ 

< |,s| ||I¥|U./„'||e-«-^^|U.d^ 

< \s\\\Wh.{l + J^\\e'^^-h.de) 

where W- = sup(0, —W) denotes the negative part of W. In the first line we have used the 
Cauchy-Schwarz inequality and the fact that U{t) is unitary on L'^{Q,11, jj), in the second 
line the estimate (2.5). 

By assumption F e L'^{Q,Y.,ij) and e"'^'^ e Li(Q,E,/x). ThusF-14 ^ Q in L'^{Q,Y,, ji) 
and e-^^^"^"^- ^ in Z/^(Q, E, /z). Applying the above bound iov W = V — Vn, we ob- 
tain (2.4). 

Before we finish the proof, we extract a Lemma. 
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Lemma 2.6 Let [Pnit),!)^ ,T) for n € JNU {00} be a family of local symmetric semigroups 
on a Hilbert space H. Let Hn, n e IN U {00}, denote the associated selfadjoint operators. 
Assume that there exists a family {Ct} for <t <T' <T of subspaces ofH with 

(2.6) £tCl>^"\ y Ct dense in H. 

0<t<T' 

Assume moreover that 

(2.7) lim P„(s)*) = (*, Poo(s)^'), ^ &Ct,0<s<t<T', 

(2.8) sup sup (*, Pn{s)'^) < 00, * e A, < t < T'. 

n 0<s<t 

Then s-lim„^oo e"^*^" = e-^*^~ for all t e IR. 

Proof. Let us fix < t < T' and € Ct- Prom [KL3, Lemma 1], we know that there exist 
positive measures {f„} on IR such that 

(*,P„(s)*) = ||P„ (0 = ^e-«Mi.„(a), < s < 

Moreover, one has (see [KL3, Lemma 1]) 

(*,e-^''^"*) = / e-'f (a). 

Set 

fniz):= [ e-^"di/„(a), ^G]0,t[+iIR. 

The family {/«} is uniformly bounded on ]0, i[+iIEl by (2.8) and converges pointwise to /oo 
on ]0,T[ by (2.7). Applying Lemma B.3 we conclude that fn{z) converges to foo{z) for 
all z e ilR. This implies that on Ct 



w • 



lim e-'y"^ = e-'y"°° Vy e R. 



Since by hypothesis lJo<t<T ^'^ dense in Ti. and for unitary operators weak convergence 
implies strong convergence, this completes the proof of the lemma □. 

Proof of Proposition 2.5 (second pcirt). Let us now fix a convenient family of sub- 
spaces Ct- For <t < T/4 we set Ct = VTZt, where IZt equals L°°{Q, S[o,/3/2-t]) m) if /? < 00 
and TZt equals L°°((5, S[o^+oc[j m) if /3 = +oc- Clearly Ct is included in the spaces v'^"'^ 
defined in (2.3) (with V replaced by — y„). Moreover. Uo<t<T/4 is dense in 7i, hence 
hypothesis (2.6) of Lemma 2.6 is satisfied. Let us now fix some G Ct, i.e., \E' = Vtp for 
some tp e TZt- Using (2.4) we obtain that 

lim (5-, Pn(s)«') = Poo(s)«') for < s < t 

n — ^00 

and sup„ supQ<g<j(vI', P„(s)5') < 00. Hence hypotheses (2.7) and (2.8) of Lemma 2.6 are 
satisfied. Thus we can apply Lemma 2.6 and this completes the proof of Proposition 2.5 □. 
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3 Gaussian measures 

In this Section we recall some standard facts about Gaussian measures on distribution spaces. 
3.1 Distribution spaces 

Let Sff = [— /3/2,/3/2] (with end points identified) be the circle of length /3 > 0. Points 
in Si3 X IR'', d>l, will be denoted by {t, x). 

The Frechet space of Schwartz functions on IR"^ will be denoted by >S(]R'^). For coherence 
of notation, the Frechet space ^{Sfj) of smooth periodic functions on will also be denoted 
by S{Sp). 

In addition, we denote by SiSp x IR'') the Frechet space of Schwartz functions on Sfj x IR, 
i.e., the space of smooth functions on x H'', which are /3-periodic in t and such that for 
all p e IN and a e IN'' 

|(i + |x|)i"i9fa,"/(i,x)| <Cp,„. 

We will denote by 5'(IR''), S'{Sf3) and S'{Sf3 x IR'') the duals of S{TR'^), S{Sf3) and 
5(5^3 xlR''). The spaces of real elements in these spaces will be denoted by iS^(IR''), >5^(S'^) 
and S'^{S0 x M^). 

We set Dt = i~^dt and = i~^dx, and we will denote by the selfadjoint operator 

on L'^^Sfs) defined by 

A' := V(Dl) := {u e L^Sp) \ dlu e L\S(i), «(0) = k(/3)}. 

We denote by D\ + D\ the selfadjoint operator on L'^{Sp x IR'') with domain 

V{d1 + Dl) {u e L^{Sfj X M'') | [D^ + DI)u e L^iSp x IR''), u is /3-periodic in t] . 

We denote by iS(Z x IR'') the Frechet space of sequences {un}nem with values in iS(]R'') such 
that 

\nmDl + xy/\r.\\L^^j^^) < 00 Vp e IN. 

We now fix the notation concerning partial Fourier transforms. We first define the (unitary) 
partial Fourier transform with respect to t: 

Tt- S{Sp X IR'') ^ 5(Z X IR'') 

U ^ {Un} ' 

where Un{x) = P~i Jg^ e~^'^"*u{t,x)dt. (The coefficients i^n = 27rn//3, n G IN, are called in 
physics Matsubara frequencies) . Its inverse is 

u{t, x) = e'^-^unix). 

The (unitary) partial Fourier transform with respect to x is 

J^^: S{S^ X IR'') S{Sp X IR'') 

where u{t,p) = {2ii)^'''/^ e~^^'^u{t,x)Ax. Its inverse is 

u{t,x) = {2-K)-'^''^ ( e'''Pu{t,p)dp. 

For later use we fix two approximations of the Dirac S functions in t and x. We set, for G IN, 
Skis) := Y e'""'' and Sk{x) := kx{kx), 

\n\<k 

where x is a function in C5^(IR'') with J x{x)dx = 1. 
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3.2 Gaussian measures 

We set 

(3.1) C{f,g) = {f,{D^ + Dl+mY'9), f,9& S{S0 x IR<^), 

where (., .) is the scalar product on L'^{Si3 x JR**). 

Let Q := S^{S0 x WC^) and let E be the Borel tr-algebra on Q. If f e Sm{Si3 x M'*), 
then (j){f) denotes the coordinate function 

q ^ (<?: /) ' 

Let be a Borel function on IR. Then F{(j){f)) denotes the function 

q ^ F{{q,f))- 

We denote by d^c the Gaussian measure on {Q, S) with covariance C defined by 

(3.2) / eW)d</)c = e-^(/■^V^ / e 5^(5^ x H'*). 
We have 

where n!! = n{n - 2)(n - 4) • • • 1. One easily deduces from (3.3) that e"^'-^) e L^{Q, S,d^!>c) 
iffeSMiS/^xM"). 

The cylindrical functions F((/)(/i), ...,(/)(/„)) , fi e 5ir(IR x S/^), F a Borel function 
on IR" and n G IN, are dense in Lp{Q, E, d^c) for 1 < p < oo. 

3.3 Sharp-time fields 

We now recall some standard results about the existence of sharp-time fields. We will make 
use of the following well known identity (see [KL2]): 

(") g E jr? ° 2.(1 - e--) ^ > 0. = ^. ° < I'l < 0- 

For /ii, /i2 e <S]r(]R'^), < ii, i2 < /?, and A; e in 

C{6k{. - h) O hi, 5k{. - t2) <8) /12) 

= E\n\<k e--^*-*^) {kn, [yl + DI+ m')-^h2n)^.^^.y 

Using (3.4) we see that 

/ Q-\t2-ti\e Q-{f3-\t2-ti\)e 

lim C((5fc(. -ti) (8)/ii,5fc(. -i2) O/12) = /ii, -gr^ /12 , 

fe^oo V ^ ' ^ ' ' \ 2e(l — e f^) / L-'iWi'^) 

where e := {Dl + m'^)i . 

Using (3.3) this implies that, for h G 5]r(IR'^') and t G S/3 fixed, the sequence of func- 
tions {(/)(4(- -t)<S: h)}keTN is Cauchy in ni<p<oo ^^(Q^ #c)- 

We set 

(3.5) (l){t, h) := lim (t){5k{. -t)(S)h) 
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and 

(3.6) G,{t,MMM) (/^i, 26(1 -e-/^^) Hl^ci,.^)- 

We note that (/)(i, ft.) belongs to ni<p<oo ^^{Q^ ^! d(/>c)- For later use we define the temper- 
ature (3~^ covariance on JR"^: 

(3.7) Co{h„h,) := (/,„il±^/,,)^ G5(]R''). 



3.4 Sharp-space fields 



If d = 1, then it is possible to define similarly sharp-space fields. We first recall another 
well-known identity, which is analogous to (3.4): 

(3.8) (27r)-i / ^-Tndp = for 6 > 0, a; G M. 

For 51,52 S STn{Sf)) and xi,X2 G IR one has 

C[gi ® Sk{. - xi),g2 ® Sk{. - X2)) 
^^■^^ = /n, X^(f )e'^(^-^^n5i, (A' +m2)-i52)^.(5^)dp. 



Using (3.8) and x(0) = {2tt)-2 we find 

(3.10) lim C{gi (g) i5fc(. - xi),g2 ® dk{. - X2)) = (gi 

k — *oo \ 



^-\xi-X2\b 



2b ^^Jl^(S,) 



where b := {D^ + m?) 2 . Now we can use (3.3) again: for g G Str{S/3) and .t G IR fixed, the 
sequence of functions {'/'(s ® 5k{- ~ 2;)) }j.gjfvj is Cauchy in ni<)3<oo 

LP(Q,S,d0c)- 

We set 

4>{9-, x) ■■= lim Mg 6k{. - x)) 

fe— »(X) 

and 

(3-11) Cf3{gi,xi,g2,X2) := i^gi, — 92) ^^^^^y 

We note that (l>{g,x) belongs to Q^^^^^ i^((5, S, d(^c')- For later use we define the 0- 
temperature covariance on S^: 

(3.12) C0{gi,g2) := (51, ^92) ^^^^^^ gu92 G S{Sp). 

3.5 Some elementary properties 

From (3.3), (3.6) and (3.11) we deduce that the maps 

(3 14) SpxH-^JR'') ^ f]i<p<^LP{Q,i:,dct>c) 

^ ■ ^ {t,h) ^ (j){t,h) 

and ^ 

(3.15) H^^Sp)xM ^ ni<p<oci''(Q,S,d</.c) 

(5, a;) (l){g, x) 

are continuous. 
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For / e SjR,{Sf5 X R), t & S/3 and x G IR we set 

H ^ € 5^ ^ C 

X /(i,a;) ' t ^ f{t,x) ' 

We note that ft e 5ir(IR) and e ^^(S'^j). 

Lemma 3.1 Iff G iS]r(S'/3x]R), iften the following identity holds on ni<p<oo 



JIR JSg 



Proof. Let / G 5ir(5/3 x M) and A; G IN. The map 

R ^ iJ'^C^/s X R) 
X fx^Sk{.-x) 

is contimious. Since / G Sm.{Sp x R), the bound 6k{. - x)\\h-^{Si3xM) G 0{\x\~°°) 
holds true. Hence by (3.15) the map 

- ni<p<ooino,5],d</.c) 

is continuous and x)) ll^p^Q J, ^^^^ G 0(|a;|^°°). Therefore /]j^^(/a;(8><5;j(.— a;))da; 

is well defined as an element of Pli<p^oo 

LP(Q,j:,d(j)c). Moreover, 
/ 0{fx 'S) Sk{. - x))dx = fx®Sk{.-x)dx)=(j){f*Sk), 

where the convolution product * acts only in the space variable x. Since limfc^oo f * Sk = f 
holds in i?"^(5/3 x R), we obtain from (3.13) 

lim [ 4>{fx®Sk{.-x))dx = 4>{f) in n Lf(Q,I],d</.c). 

''^°°J^ l<p<oo 

It follows from (3.9) and (3.10) that 

lim sup \x\^\\<l){fx ^ 5k{. - x)) - (pifx, x)\\^^,Q ^ ^ . ^ = 

for / G Sm{S/} x R) and TV G IN. Hence 

lim / (l){fx iSi Ski- - x))dx = / (j){fx,x)dx. 

This proves the first identity of the lemma. The second one can be shown by similar argu- 
ments □ . 



4 Path spaces supported by {S^{Si3 x lR),S,d0c^) 

In this section we recall two well known path spaces supported by {Q, S, d(j)c)- The first is 
associated to the free neutral scalar field of mass m on at temperature 0; the second is 
associated to the free neutral scalar field of mass m on R at temperature f3~^ . 

We recall that {t, x) denotes a point in S/3 x R, and refer to t as the (euclidean) time and 
to X as space variable. The time translation induced on Q by the map {t, x) 1— > {t+s, x) will be 
denoted hy ig'Q ^ Q and the spatial translations induced on Q by the map {t, x) 1— > {t, x+y) 
will be denoted by a^: Q — » Q. 
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4.1 The free massive euclidean field on the circle at 0-temperature 

In this subsection we identify the generalized path space on {Q,T,,d<pc) corresponding to 
the free massive scalar field on the circle at temperature 0. 

Let Sq be the sub cr-algebra of E generated by the functions {(t>{g, 0) | ,g G <5ir,(5/3)}. 

We denote by {Uc{x)}xem. the 1-parameter group generated by the spatial transla- 
tions {OxjcceiR. More precisely, if F: Q — > C is a function on Q, then Uc{x)F{q) := F{a—x{(i)) 
for q G Q. Applying (3.2) we see that x i-^ Uc{x) is a strongly continuous unitary group 
on L^{Q,Ti,d(pc)^ and hence extends to a group of measure-preserving automorphisms of 
L°°{Q,T,,d^c) which is continuous in measure. 

Let tq-.Q^Q be the space reflection around x = 0. We denote by Rc the measure 
preserving transformation of (Q, E, d(j)c) generated by Tq. 

For g e >S]r(5/3) we have 

(4.1) Uo{x)<j>{9,Q)=(t>{g,x). 

Using then Lemma 3.1, we see that S = Va;eiR Uc{x)Yi%. 

Hence (Q, S, Sq, Uc{x),Rc, d(/)c) is a generalized path space. Moreover, it is OS-positive 
(see e.g. [KL2]). 

It describes the free neutral scalar euclidean field of mass m on the circle at temper- 
ature 0. 

Let us now briefly describe a well-known concrete form of the physical objects asso- 
ciated to this path space by the reconstruction theorem. Let H^^{Sp) be the Sobolev 
space of order — i equipped with its canonical complex structure i and scalar product 
(/ii, (26)~^/i2)z,2(s^), where h = {D^ + m^)i. Then the physical Hilbert space can be uni- 
tarily identified with the bosonic Fock space r[H~i{Sp)) over H~^{Sii). The distinguished 
unit vector fig := VI is identified with the Fock vacuum Q. in r(iI-5(5/3)). The (free) 
Hamiltonian is 

H° = dr(6). 

The abelian von Neumann algebra lAc obtained from the reconstruction theorem can be 
identified with the von Neumann algebra generated by {Wpig) \ g S H^^{Sp)}. In fact, 
\i A = e'-^f^.o) fQj. g g 5]R,(S'/3), then the operator A defined in (2.1) is identified with the 
Fock Weyl operator Wpig) = e'^^^^) on T{H-h{Sfj)). 

4.2 The free massive euclidean field on IR at temperature 

We now identify the generalized path space on (<S^(5;3 x ]R),E,d0c) corresponding to the 
free massive scalar euclidean field on IR at temperature 

Let Eo be the sub cr-algebra of E generated by the functions {0(0, h)\h € 5]r(IR)}- We 
denote by {U{t)}t£Sii the one parameter group generated by {%t}teSi)- If F: Q ^ (D is a 
function on Q, then U{t)F{q) := F{%^t{q)) for q £ Q. Using (3.2) we see that 1 1— » U{t) is a 
strongly continuous /3-periodic unitary group on L'^{Q, E, d(f)c)- Hence it extends to a group 
of measure-preserving automorphisms of L°°(Q, E, d4>c) which is continuous in measure. 

Let r be the (euclidean) time reflection around t = 0. We denote by R the measure 
preserving transformation of {Q, E, d<j)c) generated by r. 

For h G <S]r(IR) we have 

(4.2) U{t)cb{0,h)=<l,{t,h). 

Again by Lemma 3.1, we see that E — \/^^g^U{t)Y,o. Hence {Q,J^,I]o,U{t), R,d(f)c) is 
a generalized path space. Moreover, it is /3-periodic and OS-positive (see e.g. [KL2]). It 
describes the free neutral scalar field of mass monJRat temperature l3~^ . 

We now describe a well known concrete form of the /?-KMS system associated to the 
generalized path space (Q, E, Eq, J7(i), i?, d0c)- Let f) := i?^2(]R) be the Sobolev space of 
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order — i, equipped with its canonical complex structure i and scalar product (/ii,/i2) = 
{hi, (2e)~^/i2)L2(iR), where e = {D'^ + m?)i . On I) we consider the unitary dynamics e~'*^. 

On the Weyl algebra W(^) we define a state oj^ and a one-parameter group of automor- 
phisms {r^jteTR. by 

(4.3) i^liWih)) := e-3('*'(i+2'')'»), T°{W{h)) := W{e'*'h), hei),t€lR, 

where p := {e^'^ — /3 > 0. It can be easily seen that is a quasi-free (t°, /3)-KMS state 
on W(l)). 

Let us now recall some terminology. If f) is a complex vector space, then the conjugate 

vector space f) is the real vector space [) equipped with the complex structure — i. We will 
denote hyi)Bhi-^het) the (anti-linear) identity operator. If a G jC{i)), then we denote by 
a e £(f)) the operator ah := ah. If f) is a Hilbert space, then I) is equipped with the Hilbert 
space structure (/ii,/i2) ■— {h2,hi). 

We recall a convenient realization of the GNS representation associated to (>V(f)),w^), 
which is called the right Araki- Woods representation. It is specified by setting 

n^w :=r(f)e^), 

TrAw{Wih)) = W^„{h) :=WF{{l+p)ih®pih), h € i). 

Here Wpi-) denotes the Fock Weyl operator on T{t)(Bi)) and 0, G r([}©[)) is the Fock vacuum. 

The physical Hilbert space associated to the path space (Q, S, Eq, i7(t), -R, d^c) can be 
unitarily identified with r([) © f)). The distinguished vector VI is identified with the Fock 
vacuum vector O in r(f) ® i)). The Liouvillean L^w- satisfies 

^iLAwt^^^ (A)fi^vy = T^Aw (rt {A)) and L^^Q^^ = 0, 

and can be identified with dr(e © — e). 

The abelian von Neumann algebra Uaw obtained by the reconstruction theorem can be 

identified with the abelian von Neumann algebra generated by {WAw{h) \ h £ H^'^{JR)}. 
In fact, if ^ = e^'^(°''') for h € 5]r(IR), then the operator A defined in (2.1) is identified with 
the Weyl operator W^wih) = e''^^»'('') on r([} © [)). 

The von Neumann algebra Baw generated by UteiR ''~/°(^/iw) can be identified with the 
von Neumann algebra TZaw generated by {WAw{h) \ h G H^^(]R)}. 

5 Perturbations of path spaces 

In this section we describe perturbations of the two path spaces defined in Subsects. 4.1 
and 4.2, obtained from FKN kernels corresponding to P{(j>)2 interactions. 

5.1 Interaction terms 

We recall some well known facts concerning the Wick ordering of Gaussian random variables. 
Let {K, p) bo a probability space and X a real vector space equipped with a positive quadratic 
form / c(/, /) called a covariance. Let / i— > (j){f) be a IR-linear map from X into the 
space of real measurable functions on K. 

The Wick ordering : 4>{f)^ 'c with respect to the covariance c is defined by the following 
generating series: 

(5.1) :e"^(/):e:= y ^ :.^(/)":c=e«^(/)e-^^(/'/). 

■^—i n! 

n=0 
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Thus 

["/2] , 

(5-2) :<A(/r:c= E ^^^K^^^^/^-^i-^^^' ^))'"' 

m=0 ^ ' 

where [.] denotes the integer part. 
Lemma 5.1 

(i) For f € L^{S0xTR)nL'^{SpxJEC) the following limit exists in f] LP{Q,i:,d(j)c): 

l<p<oo 

lim / f{t,x):(l){Sk{.-t)®Sk'{.-x)y:cdtdx. 

It will be denoted by Xj^xir /(^' '■4>{ti^)^ '-c AtAx. 

(ii) For h € L^{M) n L^(]R) the following limit exists in ni<p<oo -^^(Q' d</>c)- 

Urn / h{x) ■.(p{0,5k{- - x))" -.Co dx. 

It will be denoted by J-^h{x) :(/<(0, x)" :co dx. 

(iii) ii'or g € L^{S/}) n L'^{Sfj) the following limit exists in ni<p<oo ^^iQi ^> d</>c)- 

lim / g{t):cl>{5k{.-t),GT:c,dt. 

It will be denoted by Jg^ g{t) :(jf>(f, 0)" dt. 

We recall that the covariances C, Co and have been defined in (3.1), (3.7) and (3.12), 

respectively. In Lemma 5.1 the probability space is (QjSjd^c) and the real vector spaces 
are equal to <Sir(5/3 x IR), 5]r(IR) and Sm.{Sis)^ respectively. 

Proof. The proof is straightforward, adapting standard arguments (see e.g. [Si], [GeJ, 
Section 9]) used for the spatially cutoff P{(j))2 model at 0-temperature □. 

Remark 5.2 If P = -P(A) is a polynomial, then the functions 

I f{t,x) ■.P{^{t,x)):c dtdx, I h{x) ■.P{(p{0,x)):co dx and [ g{t) ■.P{(t){t,0)):cp dt 

are well defined, by linearity. It can be easily shown (see [GeJ, Proposition 8.4]) using the so- 
called Wick reordering identities that there exists a linear invertible map between polynomials 

P^P 

with degP = dcgP, deg(P - P) < deg(P) - 1 such that 

[ h{x) :P((/.(0,a:)):co dx = [ h{x) : P((/.(0, x)) ivac dx. 
Jtr Jtr 

Here : :vac denotes Wick ordering with respect to the 0-temperature covariance {h, ^/i)i,2(]r). 
Lemma 5.3 Let P be a polynomial, h G i^(IR) n i^(IR) and g e L^iSjs) n L'^iSjs). Set 

Vo{h) := J^h{x) :P(</.(0,x)):co dx, 

(5.3) 

V0{g) :=Jg^g{t):P{cp{t,0)):c,dt, 

as functions on Q . 
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Then 

(5.4) [ g{t)U{t)Vo{h)dt= f {g{t)<S>h{x)) :P{<i>{t,x)):cdtdx= [ h{x)Uc{x)V0{g)dx 
JSp JspxTR Jtr 

as funcUons on Q. 

Proof. Let be a function in L^'((5, E, d^c") for some 1 < p < oo. The one param- 
eter groups {U{t)}t^Sf, and {Uc{x)}xeTR are strongly continuous groups of isometries of 
r\i<p<^LP{Q,T.,d(j)c). Therefore the functions J^h{x)Uc{x)Wdx and Jg g{t)U{t)Wdt 

belong to LP(Q,S,d0c)- 

Together with Lemma 5.1 this implies that all three functions given in (5.4) belong 
to LP{Q,I],d(pc)- Let us now prove that they are identical. By linearity, we may assume 
that P{X) = A". Using Lemma 5.1 and the Wick identity (5.2), it follows that 

/ {g{t)^h{x)) :P{^{t,x)):c dtdx= lim F{k,k') in LP{Q,Y,,d(l)c), 

where 

[n/2] |/ i^-,/^ c ))'" f 

F{k,k!) = Y. l^u^^^ / {g{t)®h{x))<^{5u{.-t)®5u\.~x)ydtdx 

m=0 '' J SpxTR 

and Sk,k'{t,x) := 6k{t) ^dk'{x). Since 

lim C{6k,k' ,Sk,k') = Co{6k' ,Sk'), 
the definition given in (3.5) of sharp-time fields implies that 

lim Fik,k')= I g{t)Vk'{t,h)dt in (Q, S, d<^c), 

where 

Vk'{t,h) = V „ ""'o m (-^<^o(4',4'))"' / Kx)<l>{t,5k'{.-x))'^dx. 
Note that (4.2) implies Vki{t,h) = U{t)Vk'{0,h). By Lemma 5.1 (ii) we know that 
lim Vk'{0,h)= I h{x):P{(l}{Q,x)):c^dx in if(g,S,d0c) 

and hence 

lim/ g{t)Vk'{t,h)dt= j g{t)U{t)Vo{h)dt in Lf(Q,E,d0c). 

JSp Jsp 

Applying Lemma B.l with E = LP((5, S, d</)c) we obtain the first identity in (5.4). The 
second identity follows by the same argument, taking first the limit A;' — > oo and using then 
that 

lim C{6k,k',h,k') =Ci3{6k,5k)^. 

k'^oo 
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5.2 The P{4>)2 model on the circle Sjs at temperature 

Let -P(A) be a real valued polynomial, which is bounded from below. The P{4>)2 model on 
the circle Sjs is specified by the formal interaction term 

:= V0{^_0/2,0/2]) = [ :P{Ht,0)):c, dt. 

JSp 

This expression can be given two equivalent meanings: first of all, as recalled in Lemma 5.1, 

it can be viewed as a Eg measurable function Vc G ni<p<oo ^^iQ^ ^O' d^c)- Secondly, Vc can 
be considered as a solfadjoint operator on r(^H^i (S/j)) affiliated to the abelian algebra Uc- 
More precisely, for t ^ Sp and A ^ 1 an UV cutoff parameter, we define an approximation 
^A,t S H~i{Si3) of the Dirac delta-function S{. —t)€ iJ~i(5/3) by 

hA,t := ]l[o,A](5)5(. -t)ei/-i(^0), 

where 6 = {D^ + m^)^. Setting (/)A(t, 0) := (j>F{hA,t) one obtains by well-known arguments 
that 



yc= lim / :P{Mt,0))-c, dt 
Js» 



on a dense set of vectors in T(^H^i (Sfj)) . Since /ia.* G Hj[^^ (S/s) is a real valued function, it 
is easy to see that Vc is a selfadjoint operator affiliated to Uc- 

It is then easy to verify, by adapting well-known results for the spatially cutoff P{(j>)2 
model on the real hne IR at 0-temperature (see [S-H.K]) that Vq E ni<p<oc L^{Qj^o^d(j)c) 
and e""^^-^ G L^{Q, T,^,d(pc) for all T > 0. Now consider, for < 6 - a < oo, 

Xb 

as a function on Q. It follows from Jensen's inequality (see [KL4, Theorem 6.2]) that 

(5.6) \\G[aM\\LHQ.^A4>c) < l|c-('-"^''llL.(Q,E,d0c) 

and hence G[a,6] G f]^^^^^ LP{Q,T,,d4>c)- From the results recalled in Subsection 2.3, we 

obtain a selfadjoint operator 

He = dT{b) + Vc 

on r(^H~i (Sp)) associated to the FKN kernel {(j[o,s]}- The Hamiltonian He is called 
the P{4>)2 Hamiltonian on the circle Sp. 

Proposition 5.4 The Hamiltonian He is hounded from below and has a unique normalized 
ground state such that (flc, fl) > 0. We set 

Wc( . ) = {i^c, ■ ^c)- 

Moreover, for c^ 1, 

(5.7) \\M9m+c)-^\\<C\\g\\H-i^s,y 

(5.8) ±M9)<C\\g\\^.^^^^^{Hc + c)'^ 
and 

(5.9) ±M9)<C'\\g\\H-Hs,){Hc + c) 

for all g G H-^{Sp). As before, Wpig) = e''f"''^s) is the Fock Weyl operator onT{H-i{Sf3)). 
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Proof. The existence and uniqueness of the vacuum state can be shown by foUowing 
the proofs of the corresponding results for spatially cutoff P{(t>)2 models. For example, one 
easily obtains (see e.g. [Si, Theorem V.20] or [DG, Theorem 6.4 (ii)]) that 

(5.10) (dr(6) + 1) < C{Hc + c) for c> 1. 

Since dr(6) has compact resolvent on T(^H^^{Sfj)), it follows that Hq, is bounded from be- 
low with a compact resolvent and hence has a ground state. The uniqueness of the vacuum 
(i.e., the ground state of i?c) follows from a Perron- Frobenius argument (sec e.g. [Si, The- 
orem V.17]). Since 6 > m > 0, we see that it suffices to check (5.7) and (5.8), with Hq 
replaced by the number operator N , which is immediate. To prove (5.9) we use (5.10) and 
the well known bound (see e.g. [Ge, Appendix]) 

±</'f(5) < ll&-^flll^-^(5^)(dr(6) + 1) □. 

Without proof we quote the following result (see [HO]). 

Theorem 5.5 Let H^°'^ := Hq—Eq, where Eq := inf(c7(ffc)) and let Pq denote the generator 
of the translations along the circle . The joint spectrum of H^'^'^ and Pq is purely discrete 
and is contained in the forward light cone. 

Consequently the correlation function 

{t,x) ^ (Oc, Ae"^=""+'*^=BOc), A,Bg B{T{H-i (Sff))), 

allows an analytic continuation to the tube -|- iV+, where y+ := {{t,x) \ \t\ < x; x > 0} 
denotes the forward light cone (with t and x reversed, due to our conventions). 



5.3 The spatially cutoff P{(f))2 model on IR at temperature P ^ 

Let P{X) be a real valued polynomial, which is bounded from below (as in Subsection 5.2), 
and let I £ be a spatial cutoff parameter. The spatially cutoff P{4>)2 model on IR is 
specified by the formal interaction term (see (5.3)) 



Vi := Vo(]lH,i]) = :P(<^(0,a;)):co dx. 



Again this formal expression can be given two equivalent meanings: first of all, as recalled 
in Lemma 5.1, it can be viewed as a Eo-nicasurablc function V; G Plj^^^^^^ Lp(Q, Sq, d(/)c). 
Secondly, V; can be considered as a sclfadjoint operator on r(l) © [}) affiliated to the abelian 
von Neumann algebra W^„,. As in Subsection 5.2 we define an approximation h^^x G H~^{JR) 
of the Dirac delta-function 5{. — x) G H~2(TR). For a; G IR and A 1 we set 

tiA,. t[o,A]ie)K - eH-i(JR) 

and introduce cutoff fields (j)A{0,x) := (j)Aw{hA,x), where (t>Aw{h) is the selfadjoint field 
operator associated to WAw{h), /i G f). 
As before, the limit 

(5.11) V^=lim / ■.P{(j>A{Q,x)):c,dx 

exists on a dense set of vectors in r(t) © ()). Since /ia,x € -^^ir^ one obtains that V; is a 
selfadjoint operator affiliated to Uaw 
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Adapting well known arguments (see [GeJ, Section 8.2]) it can be shown that e € 
L^{Q, So, for all T > 0. Consequently, we can associate to Vi the FKN kernel 

f^,,j:=e-/>(*)^'^*, 0<b-a<f3, 

and the measure 

. -'^h/3/2,/3/2]d0C 

:= -r-El Jl—- 

jQ-P^[-/3/2,/3/2]d'/'C 

The generalized path space (Q, S, Eq, J7(i), i?, is /3-periodic and OS-positive. The asso- 
ciated /3-KMS system is called the spatially cutoff P{(j)) 2 rn,odel on ]R at tem.pera,ture f3~^. 
Applying the abstract results recalled in Subsection 2.3, we obtain the following facts: 

- the physical Hilbcrt space Tiv, is equal to Haw = r(l) © [}); 

- the VF*-algebra Bvi and the abelian algebra Uvi are equal to TZaw and Uaw, respec- 
tively; 

- the operator sum Law + Vi is essentially sclfadjoint on 'D{Law) H T){Vi) and if Hi := 
Law + then the perturbed time-evolution on B is given by tI{B) := e'*-^'i?e~'*^', 

- the GNS vector Haw G r(f) ®t)) belongs to 'D(e~^"') and the perturbed KMS state 
is given by u>i{B) = {Qi,BQi), where Cti := \\e~^"'CtAw\\~^G~^"'CtAw 

The following consequence of Lemma 5.3 will be important in Section 7: 

(5-12) -P[-/3/2,/3/2] = 

where G[a,6] was defined in (5.5). The analog identity in the temperature zero case is called 
Nelson symmetry. 

6 The thermodynamic limit 

In this section we prove that the limits 

lim tI{A) =: TtiA) and lim u)i{A) =: U/3{A) 

I — *+oo / — ^+00 

exist for A in the C*-algebra of local observables A and that {A,t,co/3) is a /3-KMS system, 
describing the translation invariant P{(j))2 model at temperature 

6.1 Preparations 

We first recall a well known relationship between e~'*^ and the Klein-Gordon equation: let 

(6.1) U: if-5(]R) ^ H^Hw.)®hI{M). 

h (Re/i, e ^Im/i) = (<^, tt). 

(Note that U is IR- linear but not C-linear). Then 

(6.2) C/e-'*^ = T{t)U, where T{t){ip, tt) = ((^t, dtift), 
and ^pt is the solution of the Klein-Gordon equation 

r (92-a2 + m2)^, = o, 
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Moreover ii hi & H 2 (IR) and Uhi = (^j, tTj) for z = 1,2, then 

(6.3) (t(/ii,/i2) := Ini(/ii,/i2)j^_i^jj^^ = y (pi{x)Tr2{x) - ■Ki{x)ip2{x)dx. 

For 7 c ]R a bounded open interval we define the real vector subspace f)/ of I) 

(6.4) ()/ := {/7, G () I suppC//i C / X /}. 

It follows from (6.2) that ie:2?(e) n t)/ f)/, and hence (1 + ae^)~^: f|/ — > ()/ for a > 0. In 
particular !D(e) n t)i is dense in Moreover (6.3) shows that f)/ and l)j are orthogonal for 
the symplectic form cr if / fl J = 0. 

6.2 The net of local algebras 

We start by recalling a result of Araki [Arl, Thm. 1] which will be useful later on. Let us 
recall a standard notation: If Hi, W2 are two vector subspaces of a Hilbert space H, then 
Hi V H2 denotes Hi +H2- If Ti-i, 1^2 arc two *-sub-algebras of B{H), then TZi V TZ2 denotes 

the von Neumann algebra generated by TZi U 7^2 . 

Proposition 6.1 Let X be a Hilbert space and let Z be a real vector subspace of X. Let 
W{Z) c W{X) denote the C* -algebra generated by {W{x) \ x G Z} and let np : W{X) 
B{T{X)) be the Fock representation. Then 

(6.5) f]nF{W{Z^))" =nFiW{naZc,))", \/ 7rF{W{Zc,))" = npiW (Vc^Zc,))" 

a a 

and 

(6.6) TTFiWiZ))' = nF{W{Z^))", 

where Z^ is a family of real vector subspaces of X and Z-^ is the vector space orthogonal 
to Z for the symplectic form a{xi,X2) = Im(a;i, 2:2). 

We now define the net of local von Neumann algebras I 71aw{I) describing free thermal 
scalar bosons. Let / c IR be a bounded open interval. We denote by TZaw{I) the von 
Neumann algebra generated by 

{W^ivih) I h e 

Lemma 6.2 

(i) The local von Neumann algebras for the free thermal field are regular from the 
inside and regular from the outside: 

jdI Ici 

(ii) The net of local von Neumann algebras for the free thermal field is additive; 

Ji 

(iii) For each open and bounded interval I, the local observable algebra TiAw{I) is 
^-isomorphic to the unique hyper-finite factor of type IIIi. 

Proof. Recalling the definition of the Araki- Woods representation we see that, with the 
notation introduced above, 

nA„{i) = T^.{w{Zi))", 
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where C f) © I) is the vector subspacc 

Zi = {{1 + p)ih®pih\ he [)/}. 

Clearly f]j-^jZj ~ \/-^jZj — Zj, which using (6.5) implies (i). Part (ii) is a direct 
consequence of (6.5). To prove (iii) we use (6.6) and (6.5) which implies that 

where Z^ is the orthogonal space to Z in f) ® f) for the symplectic form a{f, g) = Im(/, g) 
on [) ® f). We claim that 

(6.7) Zi n zj- = {0}, 

which will imply that TZaw{I) is a factor. To prove our claim we pick h € t)i such that 
(1 + p) 2 ® p2 /i g zj-. This implies that Im{h, g) = for all g €:l)i. Hence to prove (6.7) it 
suffices to check that 

(6.8) i)in\)i = {0}. 

But ii h G 1)1 n t)f , we have Im(/i, ie(l + ae'^)~^h) = for a > 0, since ie(l + ae'^)~^h G t)/ 
for h G Letting a ^ this yields Re(/i, e/i) = {h,eh) = 0, since e is selfadjoint. Using 
that e > TO > this implies that h = 0, which proves (6.8) and hence (6.7). Thus TZaw{I) 
is a factor, if / is bounded. Note that (6.8) shows that 7rj?(W(t)/))" is a factor, and it is 
well known (see e.g. [BD'AF][L] and lit. cit.) that 7ri?(W(f)j))" is *-isomorphic to the unique 
hyper-finitc factor of type IIIi. Thus Lemma 6.3 below completes the proof of the lemma □. 

We now recall an easy fact about the restriction of the free KMS state u)"^ to the local 
algebras W{t)i). 

Lemma 6.3 Let I CJR be a bounded open interval. Then the representations ttaw and ttf 
of W{i)i) are quasi- equivalent. 

Proof. Let 1) be a Hilbcrt space and let e > m > be a positive selfadjoint operator 
on (). Let LO^ be the quasi free state on W{1)) defined by aj'^(W{h)) = e~ 3 (''.(i+^p)'')^ where 
p = (e'^'^ — 1)~^. Then it is well known that oj^ is normal with respect to the Fock represen- 
tation TTF of W{X) iff Tr e-^-^ < oo (see e.g. [BR, Prop. 5.2.27]). 

This fact implies that if [)i C f) is a complex vector subspace, then the restriction of lu^ 
to >V(l)i) is TTF-normal iff Tr{Ee~^'^E) < oo, where E is the orthogonal projection onto f)i. 

We win apply this remark to f) = iJ~ 2 (]R), p = (e^^^ — l)-i and f)i = Cf)/. Let Ei denote 
the orthogonal projection on Ct)/. Let x € ^om such that x = 1 near I and x = idk- If 
h e f)/, then Reft, = x(a;)Re/i and Imh = ex(a;)e~^Imft. Using pseudodifferential calculus, we 
see that the operators (1 + |a;|)^x(a;) and (1 + |a;|)^ex(a;)e~^ are bounded on H~^{^) for 
all A'' e IN. This impfies that 

(6.9) ll(l + N)"'^llH-i(iH)^^ll'^llH-i(K)' /^e^- 

Clearly (6.9) extends to C()/, which implies that (1 + \x\)^ Ei is bounded for all N & M. 
Since e~^^(l + |a:;|)~^ is trace class for A'' large enough we see that Eje~^'^Ei is trace class. 
Using the arguments given above we obtain that restricted to W(C^/) (and hence also 
to W(f)/)) is TTF-normal. 

Finally we have seen in the proof of Lemma 6.2 that 7rF(W(f)j))" is a factor, hence ttf is 
a factor representation of W{f)i). It is shown in [KR, Prop. 10.3.14] that if 7?, is a C*-algebra 
and TT is a factor representation of TZ, then n is quasi-equivalent to the GNS representation 
of any 7r-normal state u). Since the restriction of ttaw to W(^j) is the GNS representation 
for the quasi- free state w^, this completes the proof of the lemma □. 
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6.3 Existence of the limiting dynamics 

The C*-algebra of local observables A is defined as follows: 

/cm 

(*) 

where the union is over all open bounded intervals / C IR and the symbol [^jQ^Ti-Awil) 
denotes the C*-inductive limit (see e.g. [KR, Proposition 11.4.1.]). 

We denote by {a^jxeiR the group of space translations on A, defined by 

a^{WAw{h)) := W^w(e'^-'=/i), a; G M, 

where k is the momentum operator acting on 1^ = H~^{^). 

Theorem 6.4 (Existence of limiting dynamics). Let / C H 6e a bounded open interval. 
For t e IR fixed, the norm limit 

limri(i3) =:Tt{B) 

f— >C30 

exists for all B e TZaw {I) ■ The map tU n defines a group of *- automorphisms of A such 
that Tt o ax = ctx o Tt for all a; G ]R. Moreover, 

(6.10) Tt:7^^^v(-r) ^^Aw 

Proof. The proof follows the well-known proof in the 0-temperaturc case, which is based 
on finite propagation speed (see [GJ2, Theorem 4.1.2]). To prove the existence of the limit 
and the group property, it sufiices to show that t'(B), for B G TZaw{I) and \t\ < T, is 
independent of I for I > \I\ + T. 

It follows from (6.2) and Huygens principle that 

(6.11) r°:7^^„(/) ^ TZaw{I+] - t,t[). 

Moreover (6.3) implies that 7^^w(-^l) C 1lAw{h)' , if hr^h = 0- 

The dynamics is unitarily implemented by e'*^' , where Hi = Law + Vi for 

Vi= [ :P{mx)):Co dx. 
J]-l,l[ 

Trotter's formula yields e'*^' = s-lim„^ec(c'*^-**''/"e'*^'/"')" and hence 

(6.12) tI{A) = s- lim (r,% o 7l/„)"(A), A G S(W.^), 

where 7|(A) := e'*^Me-"^' . Note that for /' > I 

Vv=Vi+ [ ■.P{cf>{0,x)):co dx. 

J]-l'M[\]-Ll[ 

Since Vi' ~ Vi is affiliated to TZaw{] — l'J'[ \ [^IJ]): we sec that 7^ = 7' on TZaw{I) for 
1,1' > \I\. Using (6.11) and (6.12), this implies that 4 = t[ on 7^^„,(/) for \t\ < T and 
I, I' > \L\ + T. This proves our claim. The same argument using again (6.11) proves (6.10). 

It remains to check that t and a commute. Let T > and / a bounded interval. 
For \t\ < T the time evolution is locally (i.e., apphed to elements in TZaw{I)) generated 
by Hi if I > \I\ + 1. Now is implemented by e'"^^ with P = dT{k k). It follows that 
axOTfO is implemented by e'*^' "" with Hi^^ = e'^^ilje"'^^. It is easy to see that 

Hi ,x — Law 

+ / ■.P{<P{0,x)):co dx. 

J]-l+x,l+x[ 

By the same argument as above, Tj is implemented by e'*^''=" for \t\ <T if I > \I\ + \T\ + \x\, 
which implies that ax o n o = Tt □. 
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6.4 An identification of local algebras 

In order to apply the results of Section 7 to the algebra of local observables A, it is necessary 
to identify the local Weyl algebra TZaw{I) with the von Neumann algebra B{I) obtained by 
applying the interacting dynamics r to the local abelian algebra of timc-zcro fields Uaw{I)- 
This is done in Proposition 6.5 below. Note that by similar arguments the corresponding 
result holds also in the 0-temperature case. 

For / C IR a bounded open interval, we denote by Ua„{I) the von Neumann algebra 
generated by {WAw{h) | /i G f)/, /i real valued}. Note that Uaw{I) C Ti-Awil) is abelian. We 
denote by Ba {I) the von Neumann algebra generated by 

(6.13) {TtiA)\AeUA^iI), \t\<a}. 
Proposition 6.5 Set B{I) := ria>o^«(J')- Then 

B{I)=nAw{I). 

Proof. Let us first prove that B{I) C TZaw{I)- Using (6.10) and Uaw{I) C TZaw{I), 
we see that Ba{I) C TZaw{I+] — oi,q}\) for all a > 0. According to Lemma 6.2 (i) this 
implies B{T) C TZaw{I)- 

Lot us now prove that TZaw{I) C B{I). Using Lemma 6.2 (i) it suffices to show that for 
all J c / and a -C 1 one has 

(6.14) nAw{J)cBM)- 

To this end we fix I and J with J c I and set S = ^dist(J, /^). We will first prove that 

(6.15) qULaw j^Q-itLAw g A e Uaw{J), \t\ < a, 

if a < 6. The proof of Theorem 6.4 shows that for \t\ < 6 the unitary group e'*^^, with 
Hi := Law + Vi and 

Vi := / ■.P{(b{0,x)):dx, 



induces the correct dynamics r on TZaw{J)- Applying then Proposition 2.5, we obtain 

qHLaw = g_ lijn e"^^"\ t e H, 



for if}") = Law + Vi- where v}"^ = Vf ]l{|y,|<„}. Since f/") is bounded, 

= Law + Vi - y/") = Hj- 

and hence by Trotter's formula 

e«<' = s- hm (e«^^/Pe-'*^/"Vf)f . 

This yields, for A G TZaw{J), 

^tLAwA^-HLAw liin s- lim (e"^^/Pe-'*^^'"'/P)^A(e"^^'"'/Pe-"^^/f)^ 
Using again Theorem 6.4 we obtain, for \t\ < a, 
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where 7^"^ is the dynamics implemented by the unitary group t 1-^ e . Since Vi is 

affiliated to Uaw{I), e""^/"' e U^wil) and hence {rt/p ° lljlfiA) € Ba{I) for \t\ < a. 
Since Ba{I) is weakly closed, we obtain (6.15). 

Let us now prove (6.14). Clearly the operators W^wih) for h £ i)j and h real valued 
belong to Uaw{ J) and hence to Ba{I)- Let us now pick h G f) jnl?(e) and h real valued. (This 
is possible; sec the discussion presented at the end of Subsection 6.1). Applying (6.15) to 
A = WAw{h), we obtain that VF^iv(e"'/i.) € Ba{I) for \t\ < a. Hence W^wif'^ie'^^h- h)) e 
Ba{I) for |t| < a. Letting t ^ Q and using the fact that the map f) 9 /i WawQi) is 
continuous for the strong operator topology, we obtain that WAwiS^h) S Ba{I)- But any 
vector h € i)j can be approximated in norm by vectors of the form hi + ieh^, with hi G t)j 
real and /12 G T>{e). This implies that for all h G i)j the operators WAw{h) belong to Ba{I) 
and hence TZaw{J) C Ba{I)- This completes the proof of the proposition □. 

6.5 Existence of the limiting state 

Theorem 6.6 (Existence of limiting state). Let {a;;};>o be the family of {t\ P)-KMS states 
for the spatially cutoff P {41)2 models constructed in Subsection 5.3. 
Then 

w — lim LOi =: ojg exists on A. 

i-»+oo 

The state cog on A has the following properties: 

(i) ujfj is a (t, f3)-KMS state on A; 

(ii) ujf3 is locally normal, i.e., if I is an open and bounded interval, then OJ /jiTiAw ii) 
is normal w.r.t. the Araki- Woods representation; 

(iii) u}0 is invariant under spatial translations, i.e., 

Wf3{aa:{A)) =W0{A), x€JR,A€A; 

(iv) W/} has the spatial clustering property, i.e., 

lim ojBiAaJB)) = u;3(A)ujb(B) \fA, B e A. 

Remark 6.7 Let TZ be a C* -algebra, TTf.TZ —>^ B{Ti.i), i = 1,2, two quasi-equivalent represen- 
tations ofTZ. Then there exists a ^-isomorphism t between 7ri(72.)" and 7r2(72.)" intertwining 
the two representations. This isomorphism is automatically weakly continuous. Therefore the 
representation tt2 extends uniquely from TZ to -k\{TZ)" and is quasi-equivalent to the concrete 
representation of i^\{TZ)" in S(7ii). 

Applying this easy observation to the representations ttaw and ttf 0/ W(f)/), which are 
quasi-equivalent by Lemma 6.3, we see that the Fock representation irp extends by weak 
continuity from 71^1^(^(1)/)) to TZaw{I) and is quasi- equivalent to the Araki-Woods repre- 
sentation. Since two quasi- equivalent representations have the same set of normal states, we 
obtain that (^i3\nAw{i) normal with respect to the Fock representation. 

Proof. The family {ci;i};>o of states on A is weak* compact by the Banach-Alaoglu 
theorem. Let wi be one of the limit points of {oJi}i>o. Then we can find a subnet^ {w''}rei? 
such that wi = w — limreflo;''. 

We claim that wi is a (r, /3)-KMS state. Let A,B & A. Writing 

u:Mnm-'^''{AT'i{B)) = {oji - u:^){ATt{B))+w^{An{B) - Ar'HB)) 

net {yf3}f3eB is a subnet of a net {xa}aeA if there exists a map B 9 /3 1— > a(/3) £ A such that: i.) yg = Xa(i3) 
for all P £ B; ii.) for all ao £ A there exists some Po such that a(/J) > ao whenever /J > /Jo- 
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and using that linij^oo II''"' (^) ~ '''t(^)ll = for A E A and t £ H fixed, we find 

(6.16) LOi{ATt{B)) = lim lo''{AtI'-{B)), t € IR. 

The same argument shows 

(6.17) 0Ji{Tt{B)A) = \i^oj''{Tl^{B)A), t e R. 

Since the a;'"'s are (r''' , /3)-KMS states there exist functions F'^{z), which are holomorphic in 

/+ = {0 < Imz < 13} and continuous in i^, such that F''{t) = uj''{AtI^B) and F''{t + i/3) = 

u!'^{Tt''{B)A). Moreover, one has sup^^j^ \F'^{z)\ < ll^llll-B||. Applying Vitah's theorem and 
possibly extracting a subnet, we know that lim^^oo F^{z) = F{z) exists and is holomorphic 
and bounded in I^. By Lemma B.3, we obtain that F is continuous on and 

F{t) = lim F''{t), F{t + \p) = lim F^'H + ip). 

r — ^C30 r — >oo 

Using (6.16) and (6.17) this implies that ui is a (r, /3)-KMS state. 

We now apply a result of Takesaki and Winnink [TW]: clearly I {'R-Awil)} is a net of 
von Neumann algebras (see [TW, Section 2]). The algebras TZaw{I) are cr-finite, since the 
Hilbert space r(() [)) on which they act is separable. Moreover, as factors on a separable 
infinite dimensional Hilbert space they are properly infinite. Applying [TW, Theorem 1], we 
obtain that the KMS state wi is normal on TZaw{I)- 

Let us now show that all limit states are identical. Let us denote by Uo{I) the abelian 
C*-algebra generated by 

{F{<l>AAh)) I h e Co~h(7), F g Co°°(]R)} 

and by Ta{I) the *-algebra generated by {t((A) j A G Uo{I), \t\ < a}. 
Prom Theorem 6.4 and Proposition 7.6 we deduce that 

n n n 

lim (TT {Ai}) = ^{Y[ fu (A,)) = Lo, (TT (A,;)) , Ai G Uq{I), U G ]R, 

I — 'TOO 

111 

where u) and f are defined in Subsection 7.2. Therefore all weak accumulation points 
of coincide on the algebras Ta{I) C TZaw{I+] — a, a[). We note that 7^(/) is 

weakly dense in the von Neumann algebra Ba{I) defined in (6.13). Moreover, we have seen 
that all limit states are normal on the local algebras Ti,Aw {I), I open and bounded. Therefore 
they coincide on the von Neumann algebras Ba{I), and hence by Proposition 6.5 on TZaw{F)- 
Consequently, they also coincide on the norm closure A. Thus the weak* compact family 
Wi}i>o has a unique accumulation point, which implies that 

:= w — lim exists on A. 

We have already seen that LU[j is a locally normal (t, /3)-KMS state on A, which completes 
the proof of (i) and (ii). Property (iii) follows from the invariancc of the state w under 
space translations shown in Lemma 7.7 and the same density argument as above. It re- 
mains to prove (iv). Let (7i,3, tt/^, il^) denote the GNS objects associated to {A,ujf3). The 
group {ax}xeM is implemented in Hp by a strongly continuous group of unitary operators 
{&'-'^f}xeTR with Pffflf} = 0. Lemma 7.7 (ii) implies that, for A, B G %,{!), 

(6.18) Jhrn (7r/3(A)f];3,e'^^''7r^(B)r!^,) = (tt^^^)^/?, ^^/3)(f^/5, 7r/3(B)n^) . 

Since TiAw{I) is a factor, the representation tt/j provides a weakly continuous *-isomorphism 
between TZaw{I) and T^pil) = t^piJ^Awil)) = t^i3^aw{I))" ■ Hence, by the same weak 
density argument as above, (6.18) extends to all A,B€ TZ^„{I). Thus the space clustering 
property holds on Ti^„{I) for all /, / open and bounded, and extends to A by norm density. 
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7 Construction of the interacting path space 



In this section we construct the interacting path space supported by S^{Sj3 x IR) describing 
the translation invariant P{4')2 model at temperature and study some of its properties. 

7.1 Construction of the interacting measure 

Let = H^'^^—Ec be the renormalized P(<^)2 Hamiltonian on Sp defined in Subsection 5.2. 
Let / G 5]r(S'/3 X M). For a; G IR the function fx defined in Subsection 3.5 belongs to iS]r,(5'/3). 
We will apply the results of Appendix A to the selfadjoint operator H = H^^, R{x) = (prifx) 
(replacing the variable t in Appendix A by the variable x). 

It follows from the bound (5.7) in Proposition 5.4 and the fact that the map 

IR ^ B{r{H-Hsp))) 
X ^ </.(/,)(i?^«" + l)-^ 

is infinitely differentiable that the hypothesis (A. 3) in Subsection A.l is satisfied. Similarly, 
using the bound (5.8) and the fact that the map x i— > „_ i ,„ is in CJR) fl L°° CJR) , we 

see that hypotheses (A. 7) and (A. 8) in Subsection A. 2 is satisfied. Therefore we can apply 
all the abstract results from Subsections A.l and A. 2. In particular there exists a solution 
U{b, a) of the time-dependent heat equation: 

^C/(6,a) = (-i?r + i0^(/b))[/(6,a), U{a,a) = 1. 
We will set for -co < a < 6 < +oo: 

W[a,b]{f) ■.= u{b,ay. 

Proposition 7.1 Let f G <S]r(S'/3 x IR) and assume that supp/ C S/} x [—a, a]. Then 
I eW)G[_;,,]d</.c = e-2'^=(e-('-«)^""f2°,I^[_„,„](/)e-('-«)^c-^ 

Jq 

where fig is the free vacuum on T{^H~^ (8(3)) . 

Proof. Let us first introduce a notation which we will use throughout the proof. If A is 
a E-measurable function on Q, the image of A under Uc{x) for x e IR will be denoted by 
Uc{x){A). On the other hand, the expression Uc{x)A will denote the operator product of 
the operator Uc{x) and the operator of multiplication by A, acting on L'^{Q, E, d(j)c)- 
Using Lemma 3.1 we find 

gi0(/) = g* /°^0(/x,a;)d2; ^ C/c(a;)(0(/,,O))dcc 

We will approximate the above integral using Riemann sums. Let n,p € IN and < j < 2np. 
We set Xj = —d + j:^ and zj = —a + [j/p]^, where [.] denotes the integer part. 

It follows from (3.15) that the map x 1— > (p{fx, x) £ ni<p<cx) ^^iQ' ^> d^c) is continuous. 
Therefore 



/a 2np-l 
Ucix){<f>{fx,0))dx = Jim^ J2 ixj+i-Xj)Uc{x,){cj,{f,^,0)) 



in ni<p<<x> L^iQ' ^> d0c) and hence 



i7c(x)(0(/,,O))dx _ Tl^np-l i(xi+r-xj)Uc{xj)i,i,{f, 0)) 



^^^^ 'n.p^oallj^O 



= lim„,p^^ n -T' C/c(a;,)(e'(^^+^-^^'^(^'. '°)) 
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in ni<p<oo -^^(Q' d0c)) where in the last hne we use the fact that Uc{xj) is an automor- 
phism of L°°{Q,Ti,d(l)c)- Since G[a,6] is a FKN kernel, 



G, 



■1,1] 



G[-l,-a] 
G[-l,-a] 



n2np-l ^ 
j=0 '~'lxj,Xj + i\ 



Gl 



a,l] 



Gl 



■a,l]- 



Therefore 



n-:r't^c(x,)(e'(^^--^^)^(^^.'°)G[o,.,,,-.,]) 



Next let Aj,0 < j < 2np—l, be the multiplication operators by S-measurable functions. Us- 
ing the identity Uc{xj){Aj) = Uc{xj)AjUc{—Xj) and the fact that Uc{x) is an automorphism 
of L°°{Q, S, d(j)c), we obtain as an operator identity on L^((5, S, d0c): 

2np— 1 2nf>— 1 

n ^c(a;j)(Aj) = f/c(a;o) JJ Ajf7c(a;j-M - a;j)f/c(-a;2„p). 

In the above identity the product on the l.h.s. is the operator of multiplication by the product 
of the functions Uc{xj){Aj) and the product on the r.h.s. is an operator product. Using that 
xq = —X2np = —d and that Uc{—a)* = Uc{a) we get 

Iq G[-m) n -T' C/c(x,)(e'(^--^^)^(^^.'°))d</.c 
= Jq G[_;,_„]f/c(-a) [n -T' e'(^^+-^^)*(^^. '"^f/cfe+i - a;,- )G[o,.,.+, f/c(-a)G[„,;]d<^c 

iovUv{s)=G[o,s]Uo{s). 

Let us now set for < < 2n, Uk = —a + k^. We note that Zj — y[j/p] and that 
(xj+i - Xj) = 7^ = (yfe-M - yk)/p- We obtain that 

G[_,,] n -X' C/c(x,)(e'(-^+--^)^(^^.'°))d^c 
= G[_,+,,o] nfe:o'(c'(^'=--^^'^"-'"^/^^v(^^^))"G[o,-„]d0c 
= /^i?c(G[o,-ai)nfe:o'(e'(^'=+^-^'=^''^^-'°^/"t^v(^^))"G[o,_„]d<^^ 
Taking into account the construction of Hq recalled in Subsection 5.2 we find 
Iq G[-m] n -X' C/c(x,)(e'(-^+--^)"^(^^.-°))d<^c 

^ Q-2iEo^Q-ii-a)Hl-"Qo^Yll'l~'^(e'^y>'+^-y''^'i'(~fyk)/Pe-^y'^^^ 
Letting now n and p tend to oo and using Proposition A. 5, we obtain the proposition □. 
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Theorem 7.2 

(i) Let f G C^jn^iSp X ]R). Then 

lim / e'*(«dw = (Oc,VF[_oc,cx>](/)^^c), 

where is the unique vacuum state of Hq ■ 

(ii) The map 

SjR,{S0 X H) 9 / ^ (^^c,T^[-cx,,cx,](/)^^c) 

is the generating functional of a Borel probability measure ii on {Q, S). 

(iii) The measure /i is invariant under space translations {flxIxeiR; time transla- 
tions {itjtgs^ and the time reflection r. 

(iv) The functions (f){f) belong to ni<p<oo ^'^{Q, S, fj) for f G 5]r(5/3 x H). More- 
over, 

« « n— 1 

— 00<Xl<---<Xn<00 ^ 



(v) Lei /i G C^jR,{Sp xJR) forl<i<n. Then 

P n p n 

lim / n'^(/OdM;= / n'^(/')'l'"- 

Proof. Note first that applying Proposition 7.1 for f = 0,we obtain W^[_a,a](0) = 6"^°^="": 

/ Gh,;]cI<^c =e-2'^=(e-('-'^)^c-o°,e-('-)^""f]°).. 
Jq 

Let / G C(nR(5';3 x H) with supp f C S^x [—a, a] for some o G H. Using Proposition 7.1 we 
find 

J (e-'^r"n°,e-'^r"f2°) 

Now lim/^+oo e~*^'~")^^'^"f2c = (ric,^^c)^c, where fJc is the eigenvector for the simple eigen- 
value {0} of i?c'''"- Thus 



lim / e'*(/)dw = (Oc,W^[_„,„](/)Oc), 



Because supp / C Spx [—a, a], we see that (f^o W^[s,t](/)f^c) is constant for s < —a, t > a, 
which proves (i). 

To prove (ii) we apply Minlos theorem (see e.g. [GV] ) . As a limit of functionals of Borel 
probability measures on (Q,S) the functional / 1— »• (ric, W'[~oo,oo] (/)^c) is of positive type. 
It remains to show that the map 

S{Sp x H) ^ C 

/ ^ (Oc,W^[_oc,oo](/)i^c) 
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is continuous. Using the bound (5.8) we obtain 

±{Mf2,.) - Mh,x)) < Cr{x){Hr + 1)^ for /i, /2 e S{Sp x R), 
where C > is some constant and 

r{x) := ||(/2,a; -/l,x)||^-l(g^^)■ 
Clearly ||r||j;,2(]R^) < C||/i — /2||p, where is a Schwartz semi-norm on S{S/sxJR). Applying 
Lemma A. 7 for 5 = ^, we obtain 



|W^[-oo,+oo](/2) - VK[_oo,+oo](/l)|| < C\\h - /i| 



which proves the desired continuity result. 

Let us now verify (iii). The measure fi is invariant under time translations and time 
reflection as the weak limit of the time translation and time reflection invariant measures ni. 
The fact that /i is invariant under space translations follows directly from (i) and Remark A. 9. 

To prove (iv) we apply Lemma B.2, using the estimates in Proposition A. 6 (ii). We obtain 
that (f){f) e ni<p<oo ^''{Q- ^iM)- The formula in (iv) follows from Proposition A. 6 (iii). 

It remains to prove (v). Let / € Con^(S'/3 x H) with supp/ C S/s x [—a,a\. We consider 
the family of functions 

ui {\) = I c'^'l'^^">dfii for A e C. 



Since e<^(-^) e ni<p<oo -^^(Q- ^'#c) and i^[_;3/2,/3/2] ^ i^+^(g, S, d^c), the functions ui{X) 
are entire and 

(7.2) ^uiiO)=i- J^ifrdf^i. 

Using Proposition 7.1 and X(i){f ) = (f>{Xf) for A G IR wc find 



(^[-a,a](A/)e- ('-°)^c°"f]g, e-('-°)grf^g) 



Ui[\) = ii.-;g.-°n^oii foi' e IR. 



The r.h.s. is an entire function by Lemma A. 3. Therefore this identity extends to A € (D. 
Applying (5.8) and Proposition A. 6 (i) with ^ = 1/2 we obtain 

(7.3) |«,(A)| <e^'i'"^l', /G1R+, AeC. 

We have seen above that 

lim ui{\) = [ e'^'^^-^M/i for A e M. 
Jq 

By Vitali's theorem we obtain 

Using (7.2) and multi-linearity, this proves (v) □. 
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7.2 Existence and properties of sharp-time fields 

Proposition 7.3 Let h G iS]r(]R) and t G S/}. Then the sequence (j){6k{- — (8>/i) is Cauchy 
ni<p<oo ^^iQ' /") "'''^(^ hence 



(l>{t, h) := lim cp(Sk{. -t)^h)e n LP{Q, S, /x). 

l<p<oo 



Moreover, the map 

sp - ni<p<ooinQ,s,M) 

t (j){t, h) 

is continuous for each h G iS]r(]R). 

Proof. For p > 1 we have 

jQ{<f>{Sk{. -t)^h)- <P{Sk'{. - i) ® /i))'''dM 

= (-i)'''a& ("c, w^[-oo,+oo] {HSk{. -t)^h-6k'{.-t)^ h))nc) 



A=0 



If / = Sk{- — t) ^ h, then for a; G IR the function fx G iS]r(S/3) is equal to dk{- — t)h{x). It 
follows then from the estimate (5.9) in Proposition 5.4 that 

±{Mh{.-t)h{x)) - <t>F{5u'{.-t)h{x))) < c \\5k{.-t)-5u'{.-t)\\H-^(^s,) \Kx)\ (i/r + 1). 
Applying now Lemma A. 8 we obtain that 

II ^ W^[-cx>,+oo] (A(5fc(. -t)®h-5k'{.-t)® h)) II 
^^■"^^ < c,\m.-t)-5y{.-t)f^_.^,^^ \\hrZeWMM-oo\ 

Since 5k{- — t) converges to S{. — t) in H~^{S0), we see that (p{6k{- — t) ^ h) is Cauchy 

in L'^p(Q,T,, fi). A similar argument shows that t (j^it^h) G L^p{Q,Y^, fj,) is continuous, 
using the fact that 1 1-^ S{. — t) G H^^{Si3) is continuous □. 

Using the existence of sharp-time fields, we can equip the probability space (Q, S,At) 
with an OS-positive /^-periodic path space structure: We recall that U{t) is the group of 
transformations generated by the (cuclidcan) time translations it and R is the transfor- 
mation generated by time reflection, and So is the sub— cr- algebra of S generated by the 
functions {0(O,/i) | /i G <S]r(IR)}. 

Theorem 7.4 (Q, S, Sq, ?7(t), i?, /i) is an OS-positive (3-periodic generalized path space. 

Proof. Since the measure ji is invariant under time translations and time reflection, we 
see that U{t) and R are measure preserving automorphisms of L°°{Q, S, /x). Proposition 7.3 
implies that the map Sp 3 t ^ Q^'t'itM) ^ L?{Q^ E. /i) is continuous. Hence [/(f) is a strongly 
continuous group on L-^((5, S, /x). This implies that U{t) is strongly continuous in measure 
on L°°{Q, S,/i). Clearly it is /^-periodic. 

The generalized path space (Q, S, Eq, U(t), R, fi) is OS-positive, since /i is the weak limit 
of the measures which are associated to OS-positive path spaces. Finally we have already 
seen that E = Vtes^j ^t- '^^^^ completes the proof of the theorem □. 

By the reconstruction theorem, we obtain a stochastically positive /3-KMS system 
which describes the translation invariant P{4>)2 model at temperature 
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7.3 Properties of the interacting /3-KMS system 

We first prove the convergence of sharp-time Schwinger functions. 
Proposition 7.5 Let hi e C^(]R) and U G Sfs for 1 < i < n. Then 



lim / rre'^(*-'*^)dw= / TTe'^(*-''^)dM. 
Jo Jo \^ 



Proof. Let a > such that suppft-j C [—a, a]. By Proposition 7.3, we know that 
(j){tj,hj) = lim (j>(5k{- — tj) ® hj) in ^^(Q, E,/i). 

fc— >oo 

After extracting a subsequence, this implies that 

(l){tj,hj) = lim (^(Ski- — tj) hj) pointwise fj, a.e. on Q, 

fc— >oo 

and hence 

Iq Ui e'^(*-'^:')d/i = limfe_oo Jq 111 e'<^(*^(-*j)®''^)d/z 

= limfe^oo(^^c, W^[-a,a](Er ^k{- - tj) hj)nc), 
by Theorem 7.2 (i). Note that for alU > 

a 

oo 

because this convergence holds in L^{Q,'E, d<pc) and 



(j){tj,hj)= lim (j>(6k{- - tj) ® hj) in L^{Q,E, m), 

fe— >oo 



, G[_,,]d(/)c 
dw 



lQG[-l,l]d(j)c' 

where G[_; ;] G L^((3, S, d(jf)c) as a consequence of (5.6). By the same arguments as above, 

we obtain 



/ 

Jo 



fTe'^fe.^.)d. - hm (e-('-°)^c-»g, (E" 4(. - t.) /.,)e-('-")^o-Og) 



/Q" K^oo lie Sic 

Let us denote by F{k,l) the quantity on the r.h.s.. Applying (7.4) we obtain 



. n 

lim F{k,l)= / TTe''^(*-"''-'^dMi uniformly w.r.t. /. 



'Q 1 

As we have seen. Theorem 7.2 (i) implies 



\im F{k,l)= / rre'^(*''(-*^)®''^)d/x. 



'Q 1 

Applying now Lemma B.l (ii) and using (7.5) we obtain the proposition □. 
Let us denote by Uq C B(T{t) ffi ())) the C*-algebra generated by 

{F{<l)Mhi), . . . , cp^^hn)) I hi e Co~ir(iR)> f e Co~(iR")- " e in}. 

The isomorphism between L°°{Q,T,Q,d(j)c) and Uaw, which we recalled in Subsection 2.3, 
maps the operator F(^(l)j,„{hi), . . . ,(j)Aw{hn)) onto the function F(0(O, /ii), . . . , 0(0, /i„)) . 
This function is So-measurable. We will still denote by A the image of such a function A in 
the abclian algebra U provided by the reconstruction theorem for the translation invariant 
P{(j))2 model. 
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Proposition 7.6 Let Ai G Uq and € IR, 1 < i < n. Then 

n n 

1 1 

Proof. Let us fix Ai £ Uq and set 

n n 

G\tu...,tn) ~oji(J[tI{A,)'^ and G{tu ■ ■ ■ ,tn) = Cj(j[ft,{Ai)) ■ 
1 1 

Due to the KMS condition, the functions and G are holomorphic in 

= {(-21, . . . , 2;„) G C" I Imzi < Imzi+i, Imzn - Imzi < /?}, 

continuous on and bounded by Hi ll^ill- 
We first claim that 

(7.6) lim G'(isi, . . . ,iSn) = G(isi, . . . ,is„) for si < • • • < s„, s„ - si < 

Using Proposition 7.5 and the identity (2.2) we see that (7.6) holds for Aj = e''^^»'(''^), 
/ij G C^(]R). Using functional calculus we can extend (7.6) to arbitrary Aj G Uq. 
Let us now consider, for S2 < • • • < Sn and Sn — S2 < the functions 

Ui(2;) := G'(^;,is2,...,is„), 

which are holomorphic in {0 < Imz < 82} and continuous on {0 < Imz < 32}- Since the 
family is uniformly bounded, we can apply Lemma B.3. It follows that 

lim G'(ti,is2, . . . ,is„) = G(ii,is2, . . . ,is„) 

/— * + oo 

for S2 ^ • • • ^ Sn, Sfi — S2 ^ P and ti G IR. Iterating this argument, we obtain 

lim G^{ti,...,tn) = G{ti,...,tn). 

This completes the proof of the proposition □. 

Let us denote by {a.r}:reiR the group of space translations onUo defined by (Waw(/i)) = 

W^„{hi. -x)) for heC^T^m. 

Lemma 7.7 Let Aj G Uq and tj G M, 1 < j < n. Set A = 11^=1 T"tj(^j) "'^c^ B = 
irj=k+i'^tj{Aj). It follows that 

(i) u){ax{A)) = uj{A) for all x G R; 

(ii) lim^^^ uiAa^iB)) ^i:i{A)Cj{B). 

Proof. Property (i) follows directly from the invariance of the measure /x under the space 
translations {ax}xeM shown in Theorem 7.2 (iii). It remains to prove (ii). We set 

G^(ii, . . . , tn) := w(nj-=i T-tj {Aj) n"=;+i o {Aj)) , 
Goo(ti, ...,tn):= u>{UU rt, (Aj)) • a)(n;.i+i (Aj)) . 

Due to the KMS condition, the functions Gx and Goo are holomorphic in I^^ and bounded 
by 11^=1 \\Aj\\- We claim that, for si < • • • < s„ and s„ — si < /3, 

(7.7) lim Ga;(isi, . . . ,is„) = Goo(isi, . . . ,is„). 
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Let us prove (7.7). Let us first assume that = c''^(°'''j) for hj £ C^^^iTR). Then 
G,(isi, . . . , is„) = Jq UUi c'<^('(-^^)^''^' UU+1 e'^(^(-^^)®''^( ■ -))dM, 
Goo(isi,...,is„) = /Qn-=ie''^(^(-^^)®''^M/x X jQUU+.&^^'^-^^^^'^^^di,. 
By Proposition 7.3 we have 

G,(isi, . . . , is„) = Umfc^+oo /q n^.=i e''^(^'=(-^^)®^) JJU+i e''^(^'=(-«^ • -^''d/i, 
Goo(isi, . . . , isn) = hnife^^ Ilj-i e''^(*'=(-«^)®''^)dM x n"=;+i e''^(*'=(-'*^)®''^)d/x. 
Prom Theorem 7.2 we get 

— CSO,+Oo] 



and 



where 



— oo,+oo] — oo,+oo] 



/ n 

Ri,k = <i>C^h{- - Sj) hj) and i?2,fc = </>( ^ dk{. - Sj) hj) . 

As before (see Section 4.1), the group of spatial translations induced on Q by the map 
{t, y) t-» {t,y + x) has been denoted by {axjxeiR- Applying Lemma A. 10 we find 



< g-(k|-C)a 



where a > is the spectral gap of H^^^ and W{.) := W^[_(x),+oo] (•)• Letting fc — > oo and using 
Proposition 7.3 we obtain 

|G,.(isi,. .. ,is„) - Goo(isi, • . • ,is„)| < c^d^'^l"^'". 

Using functional calculus, we conclude that (7.7) holds for all Aj E Uq. To complete the 
proof of the lemma, we can now argue as in the proof of Proposition 7.6, using Lemma B.3 
□ . 



A A time-dependent heat equation 

Let iJ > be a selfadjoint operator on a Hilbert space H and let R{t), t e IR, be a family 
of closed operators with 'D{H^) C 'D{R{t)) for some < 7 < 1. We consider the following 
time-dependent heat equation: 

, . r f^U{t,s) = -{H + iXR{t))U{t,s), s<t, 

^ > \ U{s,s) = l. 

This equation is (formally) equivalent to the following integral equation: 
(A.2) U{t, s) = e-^*-'^" - iX f e-^'-^^"R{T)U{T, s)At. 

J s 

In the main text wc only use the results of this section in the dissipative case, i.e., when R(t) 
is selfadjoint for all < £ H. However, part of the results are valid and will be proved in the 
general case. 

The solution of (A.l) will be denoted by U{t,s) or Ux{t,s). If we want to display its 
dependence on the family R{t), then the solution of (A.l) will be denoted by U{t, s; R). 
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A.l Existence of solutions 

We assume that the maps 

, . JR ^ B{n) IR ^ B{n) 

^ ' t ^ t ^ i?*(i)(i? + l)-T 

are Holder continuous of some order e > 0. 

In the sequel we will use the following result. 

Lemma A.l Assume (A. 3). Then 

(A.4) \\c-^'-^^"R{t)\\<c.,\\R{t)*{H + l)-'\\{\t~T\-~< + 1) yT<t. 

Proof. Wchave ||e-(*-^)^i?(T)|| < \\R{t)*{H +1)-^\\\\{H + l)''e-^*-''^"\\. This proves the 
lemma, using 

(A.5) |(A + l)^e-*^| <c^(s-T + l) for s, A > □ . 

The following result is shown in [H, Theorem 7.1.3]. 

Proposition A. 2 There exists a unique solution U{t,s) of (A.l) such that 

(i) U{s, s) = l and U{t, r)U{r, s) = U{t, s)fors<r< t; 

(ii) 1 1-^ U{t, s) G B{H) is strongly continuous in [s, +oo[ and strongly differentiable 

in ]s, +oo[. 

Lemma A. 3 The map A i— > U\{., s)^ € +oo[, is entire analytic for each ^ gH. 

Proof. Let * G W. For s < T < oo, set V{t)^ = e'^*'^^"^ and 

\\U{.,s)n-= sup \\U{t,s)nn. 
te[s,T] 

If we define a map 

K: C{[s,T],n) ^ C{[s,T],n) 

W{.) ^ -iJ^h-^-^^"R{T)W{T)dT, 

then the integral equation (A.2) can be rewritten as (1 - K){U{ . , s)*) = V{ . Now (A.4) 
implies 

||i^[/(t,s)*||<||[/(.,s)*|| sup \\R*{t){H + 1)-'^\\ [\\t-r\-'^ + l)dr, 

Te[s,T] Js 

and hence 

\\KU{.,s)n<c sup \\R*{T){H + l)-^\\\T-s\'-^\\U{.,s)n, 

TG[s,T] 

which shows that K e B{C{[s,T],H)). Then C/a( . , s)* solves {l-XK){Ux{-,s)^) =V{.)^, 
which implies that A i-^ Ux{ . , s)\l/ is entire analytic □. 
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A. 2 The dissipative case 

We now consider the dissipative case when R{t) is selfadjoint for t e IR. We first prove a 
result about approximation by time-ordered products. We will make use of an extension of 
Gronwall's inequality to integral equations, shown in [H, Lemma 7.1.1]. 

Lemma A. 4 Let b > and 7 > 0. Let a{t) and u{t) be non negative locally integrable 

functions ons<t<T<oo such that 

u{t) < a{t) + b I {t- r)-^u(T)dT for s<t<T. 

J s 

Then 

/t 
E(t - T)a{T)dT fors<t<T, 

where \E{r)\ < cr(|r|-T) on [0,T - s]. 

Proposition A. 5 Assume that R{t) is selfadjoint a,nd that (A. 3) holds. 

Then for s <t there exists a sequence {pnjneEvi with lim^^ooPn = +00 such that 

U{t,s) = s- lim T] (e-^*i+^-*^WPn^-i{tj+r-tj)R(t,)/pA'"' ^ 



n-1 



where tj = s + ^^—^ for < j <n. 

Proof. Let i = 1, 2, be two families of closed operators satisfying (A. 3) and let U^^\t, s) 
be the associated propagators. Then 

C/(i) {t, s) - {t, s) = -i e-(*-^)-f^i?i (r) (f/(i) (r, s) - f/^^) (r, s)) dr 

- R2{T))U(^HT,s)dT. 

This implies, using Lemma A.l, that 

\\u('Ht,s)-u(^Ht,s)\\ 

< c^/^*(|t-rr^ + l)||(if+l)-m(r)|| ||C/W(r,,s)-t/W(r,,s)||dr 
+C7 -r|-'' + l)||(iJ + in(i?i(r)-i?2(r)) II l|C/(2)(r, s)||dr. 
We now apply Gronwall's inequality, as given in Lemma A. 4, with 
6 = sup,<,<r||(F + l)-Ti?i(i)||, 

a{t) = a = CT sup,<t<r 1 1 (ff + 1)-T(iii(i) - R2it))\\ x sup,<t<r W^^Ht, s)\\. 
We obtain 

sup,<,<r||C/W(t,s)-f/(2)(t,s)|| 
(A.6) < CTSup,<,<,,||(If+l)-^i?i(t)||(i-^)-' 

X sup,<,<r||(F + l)-^{Ri{t) - R2{t)) II X sup,<,<y ||i7(2)(f, s)||. 

Let us now prove the proposition. For s <t fixed, n e IN, we set 
{t-s)j 

o J ^ u, J^nV ) = 

n=0 



i,- := s + < i < n, Rn{T) = ^ ^„t,+^[{r)R{tj). 
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Note that H + iR{tj) with domain V{H) is the generator of a Co-semigroup of contractions, 
since it is closed and maximal accretive, using (A. 3). 

If U^^^t, s) is the solution of (A.l) for the piecewise constant family of operators {Rn{t)}, 
then one can easily verify that; 



n-l 

Since JRb t {H + l)~^R{t) € B{H) is continuous, we conclude that 
lim sup \\{H+l)-^(R{t)-Rn{t))\\=0. 

Using (A. 6) we get 

lim sup \\U{t,s)-U^''\t,s)\\=0. 

n^oo s<t<T 

Applying next [Ch] we obtain 

Q-{tj + i-tj)iH+iRitj)) j-jjj /g-(fj + i-t,)ff/pg-i(fj + i-t,)fi(t,)/p\^_ 

p— »cx> V / 

Using the fact that e~^(^+'^^*^^\ e""^^ and e"'^^^*^^ are all contractions, we conclude that 
there exists a sequence p„ — > oo such that 



U{t,s)=s- lim TT(e-(*^+^-*^-)^/P''e-'(*^+i-*^-)^(*^)/j'''y". 

n-l 

This completes the proof of the proposition □. 

Proposition A. 6 Assume that R{t) is selfadjoint and satisfies (A. 3). Assume moreover 
that the function 

(A.7) t^\\{H + l)-'^R{t)\\ is mL^(IR)nL°°(]R) 

and 

(A.8) ±R{t) <r{t){H + 0<5<1, 

for some r e L-^(]R)nL°°(IR). Then the limit U\{+oo, — oo) := w — lim(t s)^(_|_oo,-oo) U\{t, s) 
exists for all X G <C. 

(i) the function (D 9 A Ux{+oo, — oo) is entire and satisfies 

\\Ux{+oo, -oo)|| < e'=|i'°^l''"''"' VA e C; 

(ii) the derivatives w.r.t. A are uniformly bounded: 

sup \dxUx{+oo, -oo)| < oo Vn G IN; 

XeTR 

(iii) for n G IN and A G IR the derivatives at X = are given by the following 
formula: 

= n!(-if / V}(J^)(nn^(ifc)e-(*'=-*'=-^)^)i?(ti)]l{o}(^)dii---dt„. 

-oo<ti<-<t„<oo ^ ' 
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Proof. Let 'i' <E H. Using Proposition A. 2 and the fact that R{t) is sclfadjoint we obtain 

fjUxit, s)*f = -2Re((7A(i, s)^, {H + iXR{t))Ux{t, s)*) 
= -2{Uxit, s)*, {H - ImXRit))Uxit, s)^). 

Now 

H - ImXR{t) >H- |ImA| r{t){H + 1)* > c(|ImA| r{t)) 
since infs>o s-t{s + if = -ci^^"*)"' for t > 0. This yields 

^^\\Ux{t,s)n^ < c|ImA|(l-^)"V(^)(l-^)"'||f/A(^,s)^E'||^ 

and hence 

Since r e L^{Wl) n L°°(]R) we have r^^"'')"' e L^(IR), which yields 
(A.9) sup||f/A(t,s)|| <e"l''"^l""''~' VAeC. 

s<t 

Let us now prove that 

(A. 10) w - lim Ux{t, s) exists for all A e R. 

>(+oo,-oo) 

For * G W, $ e DCfl") and < 7 < 1 we find 

{Ux{t, s) - e-(*-'*)^)*) = -iA ^ (e-(*-^)^(iJ + 1)^$, {H + l)-^i?(r)f/(r, s)*)dr. 

Using dominated convergence and hypothesis (A. 7) we obtain the existence of 
lim Ux{t, s)*) for * G W and $ G ©(i?"^). 

(t,s)^(+oo,— oo) 

Applying a density argument and the uniform bound (A.9) this proves (A. 10). 
Now {A ^ Ux{t,s) I s < is a locally uniformly bounded family of entire functions. 
Applying Lemma B.3 and (A. 10) we obtain that 

C/'a(+oo, — oo) = w — Hm Ux{t,s) 

(t.s) — *(+oo, — oo) 

exists for all A G (D. Moreover, the map A i— » Ux{+oo, — oo) is entire and 

||?7a(+oo, -oo)|| < eo\in.x\('-'^-' ^ 

If f{z) is a bounded holomorphic function in a strip {|Im2| < a}, then it follows easily from 
Cauchy's formula that sup^^jj^ |9"/(.t)| < oo for all n G IN. This completes the proof of (ii). 
Let us now prove (iii). Set, as in Subsection A.l, 

K: c{[s,T],n) ^ c{[s,nn) 

W{.) ^ -if\-^-^^"R{T)W{T)AT, 

and V{t)'^ = e"(*"'*)-f^4'. From the integral equation [1- \K)Ux{- ,s)'^ = V{.)^ we deduce 
that 



£^t^A(t,to)|A=o* =n\K^V{t)^ 



n!(-i)" / c-(*-*")^ nn^(*fe)e"'*'"*'-^^-^ 

to<ti<---<f„<f 



*dii ...&tn- 
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The function C 9 A Ux{t,s)'if is entire and uniformly bounded in {|IniA| < a} for 
—DO < s <t < +00. Therefore 

d" d" 
-7— C/a(+oo, -oo)* = lim -—Ux(t,s)'if. 
dA" ^ ^ (t,s)^(+cx>,-oo) dA" ^ ^ 



Setting tn+i =t we find 



-(f-t„)if 



Prom Lebesgue dominated convergence we deduce that 
d" - - 1 



-oo<ti<---<t„<t " 



s— >-oo dA 
A similar argument yields 



lim, 



n\{-iy' 



I 



-oo<ii<---<t^<+oo 



Applying Lemma B.l we obtain (iii) □. 

We will use the following lemma to show that the limiting functional obtained in Theo- 
rem 7.2 defines a Borel measure on S'{S/} x H). 

Lemma A. 7 Let Ri{t), i = 1,2, be selfadjoint families satisfying (A. 3) and (A. 7). Assume 
that 

±{Ri{t) - i?2(t)) < r{t){H + if, < (5 < 1, 

/or r e L(i-'5r'(]R). Then 

||t/(+cx),-oo;i?2) -C/(+oo,-cx);i?i)|| < c||r||(i„5)-i. 

Proof. Let us denote by Zx{t,s) the operator U{t,s;Ri + A(i?2 — Ri))- By the same 
arguments as used in the proof of Proposition A. 6, we see that A i— > Zx{t,s) is an entire 
analytic function, which satisfies the bound 

||^A(i,s)|| < e^l^'^^l^ll'^ll^ for A e C and 7 = (1 - 5)'^ 

As in Proposition A. 6, the limit of Zx{t, s) when {t, s) — > {+00, —00) exists for A e M fixed. 
Applying again Vitali's theorem, we obtain the existence of Zx{+oo, —00) for all A G C, and 
the bound 

\\Zx{+oo, -oo)|| < e^li'^^l^ll'^ll^ VA e C. 
Applying Cauchy's formula on the circle of radius R centered around A € IR yields 



dA 



Zx{+QO, -00) 



<^-lgCii-||r||-_ 



Optimizing this bound w.r.t. R we get 



— Zx{+oo,-oo) 



< c r 



Integrating in A from to 1 we obtain the lemma □. 
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A. 3 Some additional results 



We now prove some bounds on U{t, s), which we use in the main text to show the existence 
of sharp-time fields and the convergence of sharp-time Schwinger functions. 

Lemma A.8 Let Ri{t), i = 1,2, he two families of selfadjoint operators satisfying (A. 3) 
and (A. 7). Assume that 

(A.ll) ±{R2{t) - Ri{t)) < r{t){H + 1) for r G L°°(SV) n L^{JR). 

Set Zx{t, s) := U{t, s; Ri + A(i?2 - i?i)) for -oo <s<t< +oo. Then 



dA" ^ ^ 



<n! Ilrll" ell 



Proof. Since Ri{t) satisfy (A. 3) and (A. 7), the function A i-^ Zx{t,s) is entire. We still 
denote by Z\{t, s) its extension to A G C. As in the proof of Proposition A. 6, we find 

^\\Zx{t,s)^f = -2(zA(t,s)*, {H -lmX{R2{t)-Ri{t)))Zx{t,s)^by 



Now 



H - ImA(i?2(t) - Ri{t)) >H- r{t) |ImA| {H+l)> -r{t) |ImA| 
for |ImA| < ||r||-i. This yields 



-||Z,(t,s)*f <2|ImA|r(t)||*f for |ImA| < ||r||-^ 



Hence 



||^A(i,s)|| <el'"'^lll''lli for |ImA| < ||r||-^ 
We apply Cauchy's formula on a circle of radius ||r||~^ and obtain 



-T^Z),(t, s) 
dA" ^ ' 



< n\ llrll" ell'^llill'^ll- for A G IR. 



This completes the proof of the lemma □ . 

Finally we prove a lemma which is used in the main text to prove spatial clustering. 

Remark A. 9 Let to G JR and define the time-translated family by ^to{R{t)) •= R{t ~ to)- 
Then clearly 

U{t,s;^to{R')) = U{t -to,s-to;R) for - oo < s <t < +oo. 

Letting {s,t) — > (— oo,+oo) we obtain that U'(+oo, — oo;^to(i?)) = f7(+oo, — oo; ii). 

Lemma A. 10 Assume that is a simple eigenvalue of H and that H has a spectral gap, 
i.e., 

]0, a] n a{H) = for some a > 0. 

Let {Ri{t)}, {i?2(0} ^6 ^^"^ selfadjoint families of operators satisfying (A. 3) and (A. 7) 
with Ri{t) = for \t\ >T. If Q, is a normalized ground state of H, then 

I (n, + 6(^2))^!) - {n, u°°{Ri)n) {n, u°°{R2)n) \ < e-d*!-^^)" 

for \t\ > 2T, where U°°{R) := U{+cx>, -oo; R). 
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Proof. It suffices to consider the case t > 0. Using the group property and considering the 
supports of we find 

U{t,s;Ri+^toiR2)) = [/(t,io-T;6o(i?2))e-(*°-2^)^C/(r,s;i?i) 
= U{t - to, -T; i?2)e-(*o-2T)Hf^(j.^ 

for s < —T, to > 2T and t > to + T. Since H has a spectral gap of length a, 

(A.13) ||g-(to-2T)ff _ i^^^f^i II < g-(to-2T)a_ 

Moreover, since Hfl = and supp-Ri(.) C [—T,T], 

(O, U{t - to, -T; R2)n) = {Q, U{t -tQ,s; R2)n) , 
^^''^^^ (Q, U{T, s; R2)n) = (O, U{t, s; i?2)0) . 

Combining (A. 12), (A.13), (A. 14) and letting {t,s) (+oo, -co) we obtain the lemma □. 



B Miscellaneous results 

mma B.l Let F:l 

(i) Assume that 



Lemma B.l Let F:M^ E be a map with value in a metric space E. 



limfe_fe/^oo F{k, k') = exists, 
limfe/^oo F{k, k') = G{k) exists Vfc e IN, 
limfc^oo G{k) = Goo exists. 

Then Foo = Goo- 
(ii) Assume that 

limfc'^oo F{k, k') = G{k) exists, 

limfe_>oo F{k, k') = F{k') exists and the convergence is uniform w.r.t. k', 
limfc_>oo G{k) = Goo exists. 

Then limfe/^oo F{k') = Goo- 
The proof is easy and left to the reader. 

Lemma B.2 Let {Q,T,,ijl) be a probability space. Let f be a real measurable function on Q 
and set 

C{t) := / e"/dM. 
jQ 

Then f € ni<p<oo ^(Q^ */ ^"^^ on/y if sup^^^ |9fC(f)| < oo for all n e IN. /f this is 
the case, then 



d^C{t) = i" / /"e"/d/i. 
Jq 



Proof. The part and the formula for d]^C{t) is obvious by differentiating under the 
integral sign. It remains to prove the <^= part. Let x{t) = and let p > 1. By 

monotone convergence it suffices to prove that 



sup / f^^x{-\d,ji< oo 
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in order to show that / € L'^p{Q, S, /x). We have 



Hence 

using Fubini's theorem and integrating by parts 2p times. Since x G L^(IR) and d^^C is 
uniformly bounded, we obtain that sup^gj^ /q /^^x('T-~^/)dA* < cxd, which completes the 
proof of the lemma □ . 



Lemma B.3 Let I he a directed set and {ua}ae/ o, net of functions which are holomorphic 
in an open set fl C<C. 

(i) Assume that the family is locally uniformly bounded in fl and that there 
exists a setr cfl having an accumulation point in Cl such that 

lim Ua{z) exists for z eT. 

Then limag/ Ua = u exists in the compact-open topology on Q, and u is a holo- 
morphic function in il. 

(ii) Assume moreover that O is hounded with a smooth boundary and that 

SUpSUp |lta(^)| < 00. 

Then u is continuous on O and lima£/ sup_j,£gQ \ua{z) — u{z)\ = 0. 

Proof. Let us first prove (i). By Vitali's theorem the family is compact for the 

compact-open topology. Let {u[j}[ji=j be a subnet converging to a continuous fmiction u. 
Assume that the net {uajae/ does not converge to u. Then there exists a bounded open 
set fii c and a subnet {uj}jqj^ such that sup^gn^ \u-y{z) — u{z)\ > eo > for 7 e Ji. 
Applying again Vitali's theorem to the net {^i-yj-ygj^ , we obtain another subnet {us}se.J2 such 
that lim^gj^ ug = v, with v ^ u. But u and v are holomorphic in f2, as limits of holomorphic 
functions for the compact-open topology and coincide on T by hypothesis. Since F has an 
accumulation point in f7, we have ti = v which gives a contradiction. 

Let us now prove (ii). Assume the contrary and let {u/jj/jgj be a subnet such that 

inf sup \u^{z) — u{z)\ > e > 0. 
/5e J zedn 

Since Au = in 0, we see that u belongs to the Sobolev space H^{Cl). Using that Aujs = 
in Q and the fact that the family {ufj}p^j is miiformly bounded in f2, we obtain similarly that 
{Uf3}^^j is a bounded family in H^{il.). Hence (i) implies lim^jg,/ = w in V{i}). Finally we 
note that the injection i?^(f]) iJ^/^(ri) is compact. Extracting again a subnet, we obtain 
lim-ygjj^ Uj = uin H^/^{Q). Together with the trace theorem this implies that lim-ygj^ u.y = u 
in H^{dfl) and hence in C(c?f2). This gives a contradiction □. 



46 



References 



[Arl] H. Araki: A lattice of von Neumann algebras associated with the quantum theory of 
a free Bose field, J. Math. Phys. 4 (1963) 1343-1362. 

[Ar2] H. Araki: Relative Hamiltonian for faithful normal states of a von Neumann algebra, 
Publ. Res. Int. Math. Soc. 9 (1973) 165-209. 

[Ar3] H. Araki: Positive cone, Radon-Nikodym theorems, relative Hamiltonian and the 
Gibbs condition in statistical mechanics. An application of Tomita-Takesaki theory, in 
C* -algebras and their applications to Statistical Mechanics and Quantum Field Theory, 
D. Kastlcr Ed., North Holland (1976). 

[BR] O. Brattcli and D.W. Robinson: Operator Algebras and Quantum Statistical Mechan- 
ics Vol. I, II, Springer- Verlag, New York-Heidelberg-Berlin(1981) 

[BD'AF] D. Buchholz, C. D'Antoni and K. Predenhagen: The universal structure of local 
algebras. Comm. Math. Phys. Ill (1987) 123-135 

[Ch] P.R. Chernoff: Note on product formulas for operator semigroups, J. Funct. Anal. 2 
(1968) 238-242 

[DG] J. Derezinski, C. Gerard: Spectral scattering theory of spatially cut-off P{(p)2 Hamil- 
tonians. Comm. Math. Phys. 213 (2000) 39-125. 

[DJP] J. Derezinski, V. Jaksic, C.A. Pillct: Perturbations of W^*-dynamics, Liouvilleans and 
KMS states, preprint mp-arc 03-94 (2003). 

[Frl] J. Frohlich: Unbounded, symmetric semigroups on a separable Hilbert space are es- 
sentially selfadjoint. Adv. in Appl. Math. 1 (1980) 237-256. 

[Fr2] J. Frohlich: The reconstruction of quantum fields from Euclidean Green's functions at 
arbitrary temperatures, Hclv. Phys. Acta 48 (1975) 355 363. 

[Ge] C. Gerard: On the existence of ground states for massless Pauli-Fierz Hamiltonians. 
Ann. Henri Poincare 1 (2000) 443-458. 

[GeJ] C. Gerard, C. Jakel: Thermal quantum fields with spatially cut-off interactions in 1-|-1 

space-time dimensions, preprint math-ph/0307053 (2003). 

[GV] I.M. Gelfand, N.J. Vilenkin: Generalized functions. Vol. 4- Applications of harmonic 
analysis, Academic Press (1964). 

[GJl] J. Glimm, A. Jaffe: The A(/?2 quantum field theory without cutoffs. II. The field 
operators and the approximate vacuum, Ann. of Math. 91 (1970) 362 401. 

[GJ2] J. Glimm, A. Jaffe: Collected Papers, Volume 1: Quantum Field Theory and Statistical 
Mechanics, Birkhauser, (1985). 

[HO] E.P. Heifets, E.P. Osipov: The energy momentum spectrum in the P(<^)2 quantum 
field theory. Comm. Math. Phys. 56 (1977) 161-172. 

[H] D. Henry: Geometric theory of semilinear parabolic equations. Springer Lect. Notes in 
Math. 840 (1981). 

[H-K] R. H0egh-Krohn: Relativistic quantum statistical mechanics in two-dimensional 
space-time. Comm. Math. Phys. 38 (1974) 195-224. 

[K] A. Klein: The semigroup characterization of Osterwaldcr-Schradcr path spaces and 
the construction of Euchdean fields, J. Funct. Anal. 27 (1978) 277-291. 

[KLl] A. Klein, L. Landau: Stochastic processes associated with KMS states, J. Funct. 
Anal. 42 (1981) 368-428. 

[KL2] A. Klein, L. Landau: Periodic Gaussian Osterwaldcr-Schradcr positive processes and 
the two-sided Markov property on the circle, Pacific J. Math. 94 (1981) 341-367. 



47 



[KL3] A. Klein, L. Landau: Construction of a unique selfadjoint generator for a symmetric 
local semigroup, J. Funct. Anal. 44 (1981) 121-137. 

[KL4] A. Klein, L. Landau: Singular perturbations of positivity preserving semigroups via 
path space techniques, J. Funct. Anal. 20 (1975) 44 82. 

[KR] R.V. Kadison, J.R. Ringrose: Fundamentals of the Theory of Operator Algebras II, 
Academic Press, New York (1986) 

[L] R. Longo: Algebraic and modular structure of von Neumann algebras of physics, Proc. 
Symposia in Pure Mathematics, Vol. 38 (1982) 551-566. 

[Si] B. Simon: The P(</?)2 Euclidean (Quantum) Field Theory, Princeton University Press 
(1974). 

[S-H.K] B. Simon, R. H0egh-Krohn: Hypercontractive semigroups and two dimensional self- 
coupled Bose fields, J. Funct. Anal. 9 (1972) 121-180. 

[St] O. Steinmann: Perturbative quantum field theory at positive temperatures: an ax- 
iomatic approach. Comm. Math. Phys. 170 (1995) 405-415. 

[TW] M. Takesaki, M. Winnink: Local normality in quantum statistical mechanics. Comm. 
Math. Phys. 30 (1973) 129-152. 



48 



